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The Idea of the Support Vector
Machine

A learning system for classification and regres-
sion

—also, density estimation, non-linear principle compo-
nents, time series prediction, outlier detection, cluster-
ing,. ..

Hypothesis space: linear functions in a high-
dimensional space

—includes a wide range of well-known function classes
from statistics and machine learning

Learning algorithm: quadratic program
—hence, no local optima; can also be formulated as a
linear programme

Learning bias: statistical learning theory
—qives bounds on the expected performance; can also
be motivated from a Bayesian perspective

Performance: better than most other systems
for a wide range of applications

—handwritten digit recognition, bioinformatics, charmed
quark detection, chemoinformatics, document classifi-
cation,. ..
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Binary Classification

Training data drawn i.i.d. from (unknown) p(x,vy),

S = {(X17y1)7 SRIRI (Xlayl)}7 X; € ‘SRda Yi € {_17+1} .

Given a new example x, classify according to,

y= argmax p(y|x)
ye{_lv-l_l}

Equivalently, by Bayes'’ rule,

y = argmax p(x|y)p(y)
One approach is to estimate the class-conditional
densities p(x|y) and the priors p(y) from the
training data



Generalized Linear

Discriminants

For classification, only the relative probabilities
are required

1
y = sgn(p(+1|x)—p(-1|x)) = Sgn(p(+1|X)—§)
Could simply try to estimate by,

y = g(x) =sgn(f(x)) = sgn((w, ¢(x))g + b)

This is a perceptron, i.e. one learns an hyper-
plane in some high-dimensional space given by
the mapping



f is the real-valued output (i.e. unthresholded),
e.g. for logistic regression, estimate

p(+1]x)

Fo0 =109 LGk

by some arbitrary

f(x) = h(x) +0b.

If H is finite dimensional then (¢(x),¥(bz)) =
»(x)Ty(z), the standard inner product in a Eu-
clidean space. The ¢ may be thought of as ba-
sis functions centred on the training data (c.f.
potential functions).
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If H is countably-infinite dimensional then (., -)

is the inner product in the I2 space, i.e. (¢¥(x),¥(z)) =
>0 1 Y (x)y;(z). However, we shall later see

that this {2 space can be thought of as Hilbert
space composed of linear combinations of K(x,-) =
(y¥(x),-) with inner product

<K(X7 ')7 K(Z)7 > — K(Xa Z)
i.e. a reproducing kernel Hilbert space with ker-
nel K.

H may also be uncountably-infinite dimensional.
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consistency

The hyperplane (w, b) should be chosen to min-
iImize the expected risk; empirical risk mini-
mization (ERM) aims to minimize the risk on
the training data; by the law of large numbers

Remp(f) — R(f) as | — oo

This does not imply that, for f' minimizing
the empirical risk and fOPt minimizing risk, the
following holds

Remp(fY) — R(f°PYH), R(fY) — R(fOPYH).

If the above do hold, then ERM is said to be
consistent

For consistency, it is necessary to limit the size
of the hypothesis space



The first equation states: the empirical risk
of a function tends to the true risk of that
function.

The second equation states: the empirical risk
of the ERM solution tends to the true risk of
the optimal solution.

The third equation states: the true risk of the
ERM solution tends to the true risk of the op-
timal solution.
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‘No Free Lunch’

Consider a machine that can implement all
functions from #¢ to {—1,41}

Given a test set
{%1,...,%}, Xj € R4
such that

{(X17y1)7 SRR (Xlayl)} M {ila <. 721} — (2)7

for any function f there exists a function f*
such that

ff(x) = f(x)Vi,
f&) # fX)V5.

This is an extreme example of overfitting



This example is taken from Scholkopf, Burges
and Smola (1999).

On the training set the two hypotheses agree,
whereas on the test set they give opposite an-
SWEers.

It is necessary to restrict the size of the hy-
pothesis space. Here follows a load of proba-
bilistic arguments that I've left out. The next
slide gives a woolly argument (that is intuitively
pleasing).
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Optimal Separating Hyperplane

A separating hyperplane w.r.t. the training set
S is a pair (w,b) such that

(V(x;,9i) € S)(yi({w,9(x4))q +b) > 0)

The margin of a separating hyperplane is the
distance from {y(x)|(w, ¢ (x)),+b = 0} to the
image ¥ (x) of the nearest training example

ERM is consistent iff the margin is ‘large’

The optimal separating hyperplane is that sep-
arating hyperplane for which the margin is max-
imal

A canonical hyperplane is one for which
Miny cqa | (W, 9 (X3))3 + b = 1

The margin of a canonical hyperplane is
\"% b 1

min <_> + 0=t

x; €R |\ [|[w]| [wi[] [[wl]]




The first equation states: all of the training
examples are correctly classified.

If we fix the margin beforehand (usually at
unity), then we have restricted the size of the
hypothesis space (by setting an upper limit on
|lw||). If we then find a separating hyperplane,
we can expect it to do well, since it is less likely
that we found such an hyperplane by chance.
These arguments are made rigorous by means
of VC-theory and Chernoff bounds.

The definition of canonical hyperplane removes
the scaling freedom (so that the solution is
unique (except in pathological cases)).

The O.S.H. is not necessarily optimal w.r.t.
the risk.
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Maximizing the margin is in practice achieved
by fixing the (functional) margin at unity and
minimizing ||lwl|q, C.f. weight decay in neural
networks.

If the margin norm is taken to be p, then the
weight norm minimized is ¢ : 1/p+ 1/q = 1.
In particular, p = 1,00 lead resp. to ¢q = o0, 1,
which results in a linear programming problem.
The standard SVM takes p = q = 2.
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Margin Maximization

Introduce slack variables &; to allow for training
errors; then the O.S.H. (given an error weight
of C) is found by solving the following Q.P.

1 !
Minimize ®(w, &) = =||w||* + C > &
W.b.E 2 i=1

subject to

This is equivalent to maximizing the dual
[ 1

l 1
; a4 — 5 D D oYy <¢(Xi)a¢(xj)>7_[7

i=1j5=1
subject to

[
Y yo; =0, C>0; >0, 1 =1,...,1L
1=1



O.S.H. = optimal separating hyperplane
C is a predetermined regularization constant
Q.P. = quadratic program

The first term is a regularizer and the second
term is ER, this is known as regularized learn-
ing or structural risk minimization (see later).

The ER term can be split into two terms in
the case of different misclassification costs, or
unbalanced training data (i.e. empirical prior
different to true prior).

The constraints enforce separability of the train-
ing data. Note that both errors ¢ > 1 and
margin errors 0 < £ < 1 are penalized. This er-
ror function is actually the closest convex error
function to the misclassification rate itself (see
later). It is also possible to penalize the errors
quadratically.
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The «; are the dual variables (Lagrange multi-
pliers), and indicate how much influence each
training point x; has on the solution. Typ-
ically, many «; are zero, resulting in a sparse
solution. C' limits the influence any single point
may have.

This is a convex Q.P. with linear constraints,
hence there are no local optima. The Q.P. is
large, new algorithms have been developed to
tackle it, empirically O(12).

The important thing to note here is that the
training data only occur in the Q.P. as inner

products (Y(x),v(z)).
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Kernels

At the solution to the Q.P. the weight vector
IS given by

l
w= > ajyp(x;)
i=1
which yields a decision function

[
g(x) = sgn (‘Z oty (), (%)) + b*> .

1—=1
The data x; and test point x occur in the Q.P.
and decision function only as inner products in
H: hence, define a kernel

K(X7 Z) — <¢(X)7 Q7b(z)>’}-[

The mapping to H need not be explicitly car-
ried out; K can be chosen to mimic well-known
classifiers
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The o and b* are the solution to the Q.P. Note
that b* is not guaranteed to be Bayes optimal
(except asymptotically), due to the inductive
bias (see e.g. Friedman, ‘boundary bias’).

If K is a continuous symmetric kernel for a
positive integral operator then K(x,z) is an in-
ner product in some Hilbert space H (Mercer,
1909) (technically, H is the RKHS defined by
K).

The high-dimensional images of the data need
not be calculated or stored, this allows infinite-
dimensional H.
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SVC — Recap

Support Vector Classification consists of

— Choosing an hypothesis from a function
class defined by K

— Minimizing a regularized risk

But: the kernel also implicitly defines the type
of regularization (see later)
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Non-Parametric Density

Estimation
Histogram
Kernel Estimators

Series Expansions

12



Histogram
Partition ®¢ into M1,..., s and define gi(x) =
Lixer,] then
s 41

p(x|+1) = — Z > 9r(xi) gk (x)

+1I<: 1i=1
so that

l
g(x) = sgn (1 > yK (Xi7X)>
=1

where K(x,z) = >7_ 9x(x)gi(z) is the inner
product in the group indicator space {0,1}°

13



This assumes that we are taking the priors to
be p(c) = Y%, ¢ € {~1,+1}, if not, then the
summand could be weighted by some «; for
alternative estimators of the prior.
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Kernel Estimators

I11

p(x|+1) =— Z K(x —x;)
ly1/=1

so that

[
9(x) = sgr (} > ik (x - xi>)
=1

with, for example,

1
K(x—2) = oo Il

so that f(x) is a radial basis function network
classifier with centres on the data points; this
corresponds to an implicit mapping

X — H,
X — P(x)

into a countably infinite dimensional space

For specific K this formulation also leads to
Parzen windows
14



For RBFs, K defines a regularizer on the smooth-
ness in the Fourier domain (Poggio and Girosi).

It is possible, but messy, to formulate k — nn

in this way, but the resultant kernel is not pos.
def.
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Series Expansions (e.g. Fourier,

wavelets)

Estimate the (1-dimensional) density by a (trun-
cated) orthogonal series expansion

plz|+1) = > apyp(x)
k=1
S l—|—1

Z > (z)yr(x)

-|-1k 1i=1

so that

[
9(x) = sgn (1 > yz-chi,a:))
=1
where K (z,2) = S{_y va(e)¥n(2) = ($(2), ()

and H is the wavelet,Fourier,etc./ domain.

Could generalize to higher dimensions by K(x,z) =
Z“le >3 1 wiz)vi(21), but would become com-
putationally intensive
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Recap

Classification by non-parametric density esti-
mation frequently results in a classifier of the
form

l
g(x) = sgn (; Z y; K (x;,%) + b)

1=1
where K(x,z) = ((x),%(z))y is an inner prod-
uct in some feature space (b = 0 in the previous
examples)

Equivalently, this can be thought of as a gener-
alized linear discriminant, with basis functions
Y, centred on the training data
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Support Vectors

The SVM learns a classifier of the form

[
f(X) = sgn (]l- Z yiaiK(Xia X) + b)

1—=1
That is, a hyperplane in some feature space,
implicitly defined by K

Note that the training data (equiv. basis func-
tions) are now weighted by the Lagrange multi-
pliers a;; only those points x; that are misclas-
sified, or are closest to the hyperplane, have
a; 7= 0; these points are termed support vec-
tors

c.f. potential functions, condensed k-NN, edited
k-NN

This is a direct result of the explicit regular-
ization (i.e. margin maximization)
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The SVs ‘support’ the hyperplane, in the sense
that, if each exerts a force y;a; on the hyper-
plane, then the forces sum to zero, and the
torques sum to zero.
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More Kernels
K(x,z) = (x,z) — linear discriminant

K(x,2z) = ({x,2z) + 1)¢ — polynomial

K(x,z) = 1+ev%x’z>_c two-layer MLP

User defined kernels incorporating domain knowl-
edge (e.g. derived from hidden Markov models
on protein sequences)

Kernels motivated by regularization theory or
priors on the function class

18



Within the framework of the SVM it is possible
to define kernels for specific tasks, or to mimic
well-known techniques.
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Posterior Probabilities

- - _ p(+1]x)
Estimate the logit f(x) = log p(—1]x) by

f(x) =h(x)+0
and minimize a penalized log likelihood

1 i F(x
7 2109 (17U IB0) + Ahll,

However, the sparsity of the representation is
|ost.

Alternatively, fit a sigmoid to the real-valued
output

. . 1
p(+1|f) = 1 + e—af+b

(this assumes the output of the SVM is pro-
portional to the log odds)
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Fitting the sigmoid:

— maximum likelihood (training set, hold-out, or, cross-
validation)

— regularization (i.e. a prior on out-of-sample data, or
on (a,b))

— create out-of-sample data as training data plus noise
(as in Parzen windows)

— re-use training data with non-binary (‘Bayesian’) tar-
gets and take the MAP sigmoid

See Platt(2000) for more details. Sollich (NIPS99,ICANN99)
derives probabilities from the perspective of the kernel
as the covariance of a Gaussian Process. See later.

19-1



Gaussian Processes

The SVM solution is that (w,b) which mini-
mizes

[
ZIWIR +€ D 11— 3w, 9GO + D)+
=1

The first term gives a prior p(w) ~ exp (—%||w||2).

The values a(x) = (w,¥(x)) have a joint Gaus-
sian distribution with covariances (a(x)a(z)) =

(Y (x), W) (W, 9(2))) = (¥(x),¢(2))

The SVM prior is a Gaussian process prior over
a with covariance function K(x,z) (and zero
mean).

The second term can be interpreted as the
negative log-likelihood of the observed data.

20



See Sollich (NIPS99,ICANN99) for more de-
tails.

The components of w are uncorrelated with
unit variance. The prior on b is flat (unin-
formative, improper). Later work motivates a
broad Gaussian as more reasonable.
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SVC — Summary

SVC chooses a classifier from the space ‘H de-
fined by the choice of kernel

Overfitting is avoided by maximizing the mar-
gin

The kernel also defines the type of regulariza-
tion

Kernels can be chosen to mimic many well-

known function classes from machine learning
and statistics

Posterior probabilities can be obtained by post-
processing

The SVM prior is a Gaussian process prior
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Support Vector Regression
e-Insensitive Loss
The Optimization Problem
Ridge Regression

Gaussian Processes
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e-Insensitive Loss

To carry the idea of a margin over to regression
Vapnik introduced his (linear) e-insensitive 10ss
function

V(y, f(x)) = ly — fF(x)]e = max(0, |y — f(x)| —¢)

Similarly, the quadratic e-insensitive loss func-
tion is

V(y, f(x)) = |y — F(x)|?.

The underlying function is approximated to within
€, any training points lying within the ¢ tube do
not appear in the solution

This leads to a sparser solution

23



This allows the concept of the margin to carry
over to regression, and hence leads to a sparse

solution. SVs lie on the e-tube, or outside of
it.

Non-zero e corresponds to an additional weight
decay.
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The Optimization Problem

Similar to the classification case, minimize:

1 ¢ _
§||W||2 +C D) (& +E&)
i=1
subject to

(<X7Xi>’H —I_b) —Y; < E—I_gia
Y, — (<X7X2>H+b) < E—I_é\ia
;6 >0, i=1,2,...,L

The &;,& measure the errors ‘above’ and ‘be-
low’ the e-tube (hence &€, = 0)

This is solved in the dual as before to give q;
and «; so that

l
f(x) =) (& — a)K(x4,%x) + b,
i=1

(Note, ;0 = O.)
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Ridge Regression

The case of e = 0 with quadratic loss is equiv-
alent to ridge regression
Minimize:

l
Awl? 4+ 3 &7,
1=1

subject to: y; — (w,x) =¢;, 1 =1,...,L

Which can be formulated as a Lagrangian and
solved to give:

f(x) =y (K + AI) "1k,

where k has entries k; = (x,X;)4,.
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Gaussian Processes

p(t, t|x,5) x p(y|t)p(t, t|x, X)
(y|t) x ex ( L | t||2>
X ———=||y —

p(y Pl —52lly

p(t, t]x, X)

= prpl(f(x), f(X1),..., f(x)) = (&, 81, , 1))
1.

x exp (——tTi_1E>
2
where t = (t,t1,...,t;) and ioo = K(x,x),
iﬁ] = K(Xi,Xj), 1,7 =1,...,[, and 207; = iiO =
K(x,x;).

The distribution of ¢ is the predictive distribu-
tion. It is Gaussian with mean f(x) and vari-
ance V(x)

f(x)
V(x)

vI(K + o21) "1k
K(x,x) —kT'(K + o°1) "'k
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The solution is the ridge regression solution.

This suggests that, when quadratically penal-
izing errors, the assumption is one of Gaussian
noise with variance 1/C.

Moreover, the G.P. gives an estimate of the
reliability of the prediction.

It can also be used to estimate the evidence in
favour of a particular kernel and aid principled
model selection.
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SVR — Summary

The e-insenstive l0ss is introduced to maintain
the idea of the margin, and sparsity of the so-
lution (c.f. also robust regression)

The optimization is again a Q.P. with no local
optima

The regularization is the same as for ridge re-
gression, non-zero e results in an extra weight
decay term

There is a close relationship to Gaussian pro-
cesses, which can provide reliability estimates
and evidence for the model (kernel)
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Why Does It Work?

Statistical Learning Theory
Regularization Networks

Penalized Log-Likelihood
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Statistical Learning Theory

Define a sequence of hypothesis spaces

Hi1 CHoC...CHm
with increasing capacity (VC-dimension)

h1 <hy<...< hy
by defining Hpym = {f € H : ||flly < Am} where
Al < Asx < ... < Ay

Minimize the empirical risk on each subset and
choose that solution f'. which minimizes an
upper bound on the true risk

h
R(f) < Remp(f) + @ (\/;7 77)
which holds with probability 1 —n.

This is achieved by minimizing

A
Rreg(f) = Remp(f) + §||f||%-[
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The selection of the hypothesis space H,,, cor-
responds to choosing A\, which is done by, e.g.
cross-validation
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Regularization Networks

Regularization networks minimize

Rreg(f) = Remp(f) + 5| PfI3

where P is a regularization operator

SVR has a kernel K such that

K(x,z) = (PK)(x,-), (PK)(z,-)) .

K is taken to be a Green’'s function of P*P.

Thus the kernel defines the function class and
the regularization.

The loss functions also differ.

In the general case the sparsity is lost.
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Penalized Log-Likelihood

p(+1]x)
p(—1[x) Dy

fx) =h(x)+b heH

Estimate the logit f(x) = log

Minimize:

1 ¢ .
T 2 10g (147l C9) 4 N|h,
i=1
Has solution (Kimeldorf and Wahba, 1971):

l
AEx) =) K(x,x;)+b

i=1
The aim is to minimize the misclassification
rate; the SVC loss function is the closest con-
vex function to the misclassification rate.
(Lin,2000) The minimizer of Ep(1 — yf(x))+
is sgn(p(+1|x)); thus, if H is rich enough then
SVC is implementing the Bayes rule (for the A
optimizing the GCKL)
Caveat: f(x) = (w,9¥(x)) + b does not approx-
imate p(+1[x) — 3.
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Summary

The SVM is tool for classification and regres-
sion

The solution is found by minimizing a regular-
ized loss

The kernel defines both the function class and
the type of regularization

The kernel can be chosen to mimic many well-
known techniques from machine learning and
statistics

The kernel can be interpreted as the covariance
of a Gaussian process — this can give reliability
estimates and evidence for the model

The true risk can be bounded without the need

for hold-out data — thus model selection is
32



easier (there are very few free parameters in
any case)

The choice of loss function leads to sparse
models
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