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ABSTRACT

Recently a lot of attention has been given to applications of mathematical programming to machine learning

and neural networks. In this tutorial we investigate the use of Interior Point Methods (IPMs) to Support

Vector Machines (SVMs) and Arti�cial Neural Networks (ANNs) training. The training of ANNs is a highly

nonconvex optimization problem in contrast to the SVMs training problem which is a convex optimization

problem. Speci�cally, training a SVM is equivalent to solving a linearly constrained quadratic programming

(QP) problem in a number of variables equal to the number of data points. This problem becomes quite

challenging when the size of the data becomes of the order of some thousands. IPMs have been shown quite

promising for solving large scale linear and quadratic programming problems. We focus on primal-dual IPMs

applied to SVMs and neural networks and investigate the problem of reducing its computational complexity. We

also develop a new class of incremental nonlinear primal-dual techniques for arti�cial neural training and provide

preliminary experimental results for �nancial forecasting problems.

INTRODUCTION

The objective of this paper is to provide an introductory tutorial on the basic ideas of primal-dual

Interior Point Methods (IPMs) [45, 44] as applied to Arti�cial Neural Networks (ANNs) and Support

Vector Machines (SVMs) learning. Other IPMs applied to ANNs training are discussed in [52, 50, 48, 56].

IPMs [44, 66] have been very successful in solving large scale problems in linear programming. Numerous

algorithms have been developed for this purpose. The primal-dual algorithm [28] and its variants are

among the most e�cient techniques for solving linear programming problems. In the general nonlinear

case, several algorithms have also been proposed [67, 68, 27, 14, 7, 8, 17]. The nonlinear primal-

dual algorithms attempt to solve the �rst order Karush-Kuhn-Tucker (KKT) (or perturbed) optimality

conditions. In the case of a convex optimization problem, the system of optimality conditions is solved

using Newton's method. E�cient factorization techniques are used to solve the resulting linear system

of equations and when the problem is nonconvex, the Jacobian of the system is sometimes replaced by

a Quasi-Newton approximation update [67].

In engineering applications, where problems often possess a special structure such as in least squares

problems, one would like to exploit those special structures to improve the computational complexity

of the algorithm or reduce the memory storage requirements. For instance, in least squares problems,

the objective function can be decomposed into a sum of elementary functions that relate to independent

data blocks 1. Bertsekas [4, 5, 3] has shown how one can exploit this structure to develop incremental

1Davidon [11] proposed a similar algorithm without any proof of convergence.
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algorithms that process the data block one at a time. This is very useful in processing data from online

applications. It is also bene�cial to use such incremental algorithms for very large data sets because not

all the data are required to be stored and processed at the same time. We discuss an incremental version

[10, 49] of the nonlinear primal-dual algorithm developed by El-Bakry et al. [14] and Yamashita [67].

Until recently, incremental techniques were limited to unconstrained optimization problems [4, 5, 57, 11]

with the exception of [10, 49]. In [10, 49] recent developments in constrained nonlinear optimization and

incremental concepts from Extended Kalman Filtering [3] are combined.

The ANNs training problem can be seen as a nonlinear least squares problem [20]. The well-known

backpropagation algorithm [64] takes advantage of this structure to train ANNs online. The backpropa-

gation algorithm is a gradient descent technique and it converges rather slowly to a local minimumof the

training error surface. One would like to apply the recent state of the art optimization techniques such

as interior point methods to train ANNs. For work along this line see [56]. Here, we discuss a nonlinear

primal-dual algorithm to train ANNs. The ANN training problem is written as a general nonconvex

nonlinear optimization problem with linear constraints. The constraints on the weights are chosen as

to avoid saturation of the neurons outputs 2. By processing the data incrementally, the technique re-

duces the memory storage requirements for a single iteration and the computational complexity of each

iteration is also reduced.

The second part of the paper discusses applications of IPMs to SVMs training. Although the subject

SVMs can be said to have started in the late seventies it is only now receiving increasing attention in the

machine learning [9] and computer vision research communities [35]. A basic reason is that the training

of SVMs is slow, especially for large problems.

Recently a lot of attention has been given to applications of mathematical programming to machine

learning and neural networks [31, 30, 55, 48]. There are several challenges for mathematical programming

[6]. We consider the issue of scaling to large sets of constraints and variables.

Training a SVM is equivalent to solving a linearly constrained quadratic programming (QP) problem

in a number of variables equal to the number of data points [62]. This problem becomes quite challenging

when the size of the data becomes of the order of some thousands. IPMs have been shown quite promising

for solving large scale linear and quadratic programming problems [44, 28]. Since the training of SVMs

can be cast as a quadratic programming problem it seems natural to investigate the use of IPMs for

training SVMs. IPMs have been already used by the author for training arti�cial neural networks (ANNs)

with good results [52, 51, 46, 47, 53, 54, 50, 55, 48, 56, 49]. The training of ANNs is a highly nonconvex

optimization problem in contrast to the SVMs training problem which is a convex optimization problem.

Therefore IPMs can be used quite e�ectively in SVM training.

There are several classes of IPMS from which to choose to solve the SVMs QP problem [45, 44]. Some

preliminary work using primal-dual methods has been investigated by Smola [40]. He solved moderately

sized problems up to approximately 3,000 samples. For more data points it is more appropriate to use

column generation interior point techniques [45].

This paper is organized as follows. The next three sections present a short overview of IPMs in

mathematical programming, the general nonlinear primal-dual technique, and incremental primal-dual

algorithm, respectively. Then, we apply the primal-dual technique to ANN training and to �nancial

forecasting. In addition, we give a short overview of the basics in SVMs and the primal-dual approach

applied to SVM training is presented. We also discuss interior point column generation techniques and

future research issues.

IPMS IN MATHEMATICAL PROGRAMMING

Ideas such as the ellipsoid method [26] or barrier methods [15] from the 60's and 70's are at the origin

of the interior point methods for linear programming. However, before 1984, there was no practical

implementation of these ideas. In 1984, Karmarkar presented a projective algorithm [23] for linear

programming. The algorithm theoretically outperformed the simplex method for large scale problems.

Soon, variants such as the a�ne scaling algorithm [59] and the method of analytical centers [42] were

2This is a common problem in ANN training. The weights tend to reach large values that lead to saturated outputs

[63].
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developed and lead to even better computational complexity than the original projective algorithm. The

primal-dual method for linear programming [32, 28] was developed in 1986. The primal-dual method is

now considered as the most e�ective interior point method for linear programming. It leads to very nice

complexity results and it also shows a very elegant and attractive structure that is at the origin of what

is now known as the path-following methods. From a theoretical point of view, researchers realized that

there was a strong connection between these algorithms and the barrier methods [15].

Later, extensions of interior point methods to the convex quadratic programming problem were

investigated. Algorithms such as the trust region technique [43, 16] or the primal-dualmethod for convex

quadratic problems [33] were proposed. A trust region technique for nonconvex quadratic programming

problem was later developed [69]. It solves a ball constrained convex quadratic program using an a�ne

scaling based method at each iteration.

In the past few years, extensive work has been done in the area of positive semi-de�nite programming

(PDP) [58]. The problem is to minimize a linear function with respect to the variable x subject to the

constraint that a matrix F (x) is positive semi-de�nite. It can be shown that linear and quadratic

programming are special cases of PDP. Many problems that arise in engineering can be written as PDP

problems. Because PDP uni�es linear, quadratic and convex optimization problems in general, it has

become a very appealing research direction in the area of optimization. The reader should refer to

[58] for an extensive review of PDP. A more extensive literature review can be found in the web site

http://www-unix.mcs.anl.gov/otc/InteriorPoint/.

THE NONLINEAR PRIMAL-DUAL TECHNIQUE

Consider the following general nonlinear programming problem

min f(x) (1)

s:t:

h(x) = 0

g(x) � 0

where f :<n ! <, h:<n ! <m, and g:<n ! <p. The Lagrangian associated with Problem 1 is

L(x; y; z) = f(x) + y
T
h(x) � z

T
g(x) (2)

where y 2 <m and z 2 <p are the vectors of Lagrange multipliers for the equalities h and the inequalities

g.

The Karush-Kuhn-Tucker optimality conditions can be written as follows

rxL(x; y; z) = 0 (3)

h(x) = 0

g(x) � 0

Zg(x) = 0

z � 0

where rxL(x; y; z) = rf(x)+rh(x)y�rg(x)z and Z is a diagonal matrix formed with the coordinates

of the vector z (Z = diagfzg).

We introduce slack variables for the inequality constraints. Let s be the vector of slack variables and

S be the associated diagonal matrix. We also de�ne e as the unit vector (e 2 <p, e(i) = 1; i = 1; : : : ; p).

The KKT system of equations 3 can be reduced to the following compact form

F�(x; y; s; z) =

0
BB@
rxL(x; y; z)

h(x)

g(x) � s

ZSe

1
CCA = 0 (s; z) � 0: (4)
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We perturb the complementary slackness condition as follows

ZSe = �e (5)

where � > 0 is the perturbation parameter and will be decreased at each iteration. The perturbation

of the KKT conditions can be seen as a way to ensure adherence to the central path in order to achieve

global convergence (see [14]).

In the following, we will use the perturbed KKT system 6 instead of the original KKT system 4. It

can be written in the form

F�(x; y; s; z) =

0
BB@
rxL(x; y; z)

h(x)

g(x) � s

ZSe � �e

1
CCA = 0 (s; z) � 0: (6)

Next, we recall Newton's method for solving the nonlinear system of equations 6.

Let vk = (xk; yk; sk; zk) be a current Newton iterate.

The Newton correction �vk = (�xk;�yk;�sk;�zk) is the solution of the following linear system

J(vk)�vk = �F�(vk) (7)

where J(vk) = F
0
�
(vk) and J(vk) is given by

J(vk) =

0
BB@
r2
x
L(x; y; z) rh(x) 0 �rg(x)

rh(x)T 0 0 0

rg(x)T 0 �I 0

0 0 Z S

1
CCA : (8)

In the general case, the matrix J is inde�nite and the non-singularity of J is not always insured. If

singularity happens, it is due to the fact that the reduced hessian of the Lagrangian r2
x
L(x; y; z) is

non singular . In [10] requirements about linear independence of the constraint normals and strict

complementarity are discussed which also enter the conditions for singularity of J . For problems that

do not generate singularity r2
x
L(x; y; z) is calculated by central di�erences [10]. For problems that are

nonconvex, r2
x
L(x; y; z) will be approximated by a positive de�nite matrix using a Quasi-Newton update

formula [41]. This approximation of the hessian not only helps in convexifying the problem but also

in improving computational complexity. The central di�erences involved in calculating the hessian are

rather tedious and time consuming because a large amount of function evaluations is required. However,

a Quasi-Newton update is developed that requires only �rst derivatives, therefore the number of function

evaluations is considerably reduced. The main application of primal-dual methods has been in instances

where second derivatives are available. In cases where the second derivatives are not available central-

di�erece approximations can be applied. Generally primal-dual algorithms, applied for example on a

minimization problem, may converge to a local maximum or even worse to a saddle point since the �rst

order optimality conditions are also satis�ed in those points. To avoid such cases a merit function is

incorporated within the primal-dual interior point algorithm. This is achieved by using an Armijo rule

to determine the step-size, which guarantees the monotonic decrease of the merit function [10].

Next, we describe the Quasi-Newton update used in approximating r2
x
L(x; y; z).

Let H(k) denote the approximation of r2
x
L(x; y; z) at iteration k. We will use the following approxi-

mation

H
(k+1) = �H

(k) + rxL(x; y; z)(rxL(x; y; z))
T
: (9)

where 0 < � � 1. Using the Sherman-Morrisson-Woodbury formula [13], the inverse of H(k+1) denoted

by P (k+1) can be expressed as follows

P
(k+1) =

P
(k) � P

(k)rxL
�
(rxL)

T
P
(k)rxL + �I

��1
(rxL)

T
P
(k)

�
(10)

where rxL = rxL(x; y; z).
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This update of the Hessian is based on the Recursive Prediction Error Method (RPEM) [41]. It is

similar to the Quasi-Newton update of Davidon [11]. In numerical analysis, the BFGS update is often

used to approximate the Hessian.

We perform linesearches in each Newton direction. Let �k = (�x; �y; �s; �z) be the vector of

resulting optimal steplengths. Therefore we can summarize the move in the primal and dual spaces by

the following

vk+1 = vk +�k�vk; (11)

where �k = diagf�kg is the diagonal matrix composed of the coordinates of �k.

The algorithm performs multiple moves as described above until a stopping criterion is met. The

stopping criterion is chosen to be the following

kF�(vk)k < �: (12)

This means that we will �nd an �-approximate solution of the KKT optimality conditions. In practice,

this approximate solution is usually satisfactory. The choice of � depends on the accuracy needed for

the speci�c practical application.

Next, we give a generic primal-dual algorithm that emphasizes and summarizes the major steps that

we have elaborated above.

Nonlinear Primal-Dual Algorithm (NLPD)

Step 1 Set k=0.

Step 2 Start with vk = (xk; yk; sk; zk) where (sk; zk) > 0 and

initialize �k > 0.

Step 3 Check stopping criterion in Eq. 12

� if Eq. 12 is satis�ed go to Step 8.

� if Eq. 12 is not satis�ed go to Step 4.

Step 4 Solve the system of linear equations 7 for �vk.

Step 5 Perform the linesearches to determine �k.

Step 6 Move to next point vk+1 = vk + �k�vk.

Step 7 Set k = k + 1, update �k and go to Step 3.

Step 8 Stop with the optimal point v� = vk.

Factorizing the Jacobian Matrix

Recall that the main step of the primal-dual algorithm is to solve the following linear system of equations

J(vk)�vk = �F�(vk); (13)

where J(vk) = F
0
�
(vk) and J(vk) is given by

J(vk) =

0
BB@
r2
x
L(x; y; z) rh(x) 0 �rg(x)

rh(x)T 0 0 0

rg(x)T 0 �I 0

0 0 Z S

1
CCA : (14)

By susbstituting some terms in 13, we will see that we can reduce the dimension of the system to be

inverted from (n+m+2p)� (n+m+2p) to (n+m)�(n+m) and that the reduced system is symmetric.

The symmetry of the system is an important property. It permits the use of factorization techniques
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such as the Cholesky factorization or the Bunch and Parlett symmetric inde�nite factorization. The

reduction of 13 to a smaller symmetric system is described next.

13 can be written as

8>><
>>:

r2
x
L(x; y; z)dx +rh(x)dy �rg(x)dz = �f1
rh(x)Tdx = �f2
rg(x)Tdx �ds = �f3

Zds +Sdz = �f4

(15)

where

F�(x; y; s; z) =

0
BB@
rxL(x; y; z)

h(x)

g(x)� s

ZSe � �e

1
CCA =

0
BB@

f1

f2

f3

f4

1
CCA (16)

From 15, we have

dz = �S�1f4 � S
�1
Zds (17)

and

ds = rg(x)Tdx+ f3 (18)

therefore,

dz = �S�1f4 � S
�1
Zrg(x)Tdx (19)

Substituting the expression of dz back in the �rst equation of 15, we obtain

r2
x
(x; y; z)dx+rh(x)dy +rg(x)S�1f4 +rg(x)S

�1
Zrg(x)Tdx = �f1 (20)

Hence 15 is equivalent to� �
r2
x
L(x; y; z) +rg(x)S�1Zrg(x)T

�
dx +rh(x)dy = �f1 �rg(x)S

�1
f4

rh(x)Tdx = �f2
(21)

and

ds = rg(x)Tdx+ f3 (22)

dz = �S�1f4 � S
�1
Zrg(x)Tdx (23)

As we can see, the system 21 is symmetric and of dimension (n + m) � (n + m). To gain memory

space and to speed up the algorithm, we use fast factorization techniques for inverting 21.

The Update of �

The update of � remains one of the most critical issue in primal-dual techniques. It has great e�ect on

the behavior of the algorithm. It is well understood that it corresponds to the concept of adherence to

the central path and therefore to the convergence of the algorithm to the optimal point. Even though the

role of � is clear, the choice of the update formula for � remains uncertain. In the linear programming

case, � is usually chosen as proportional to the duality gap so that reducing � ensures a reduction in

the duality gap at each iteration and eventually it becomes zero at optimality. Experiments have shown

that this update is sucessful. In the nonlinear case, a similar update is used. The justi�cation for this

choice is not as straight forward as in linear programming. Attempts to explain it have already been

proposed [14, 67].

We use the following update formula

�k = �k
s
T

k
zk

p
(24)

where �k is a parameter of the algorithm. El-Bakry et al. [14] have proposed the following values for �k

�k = 100sT
k
zk if 100sT

k
zk < 0:2

�k = 0:2 if 100sT
k
zk > 0:2
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The Linesearches

Recall the following notations

v =

0
BB@

x

y

s

z

1
CCA dv =

0
BB@

dx

dy

ds

dz

1
CCA

We start by taking a full Newton step as follows

xk+1 = xk + �pdx

yk+1 = yk + �ddy

sk+1 = sk + �sds

zk+1 = zk + �zdz

(25)

where
�p = 1

�d = 1

�s =
�1

minkf
dsk
sk

;�1g

�z =
�1

minkf
dzk
zk

;�1g

(26)

�s and �z are chosen so as to ensure that sk+1 and zk+1 remain positive after the move.

We de�ne � as follows

�(v) = kF (v)k2 = F (v)TF (v) (27)

to be used as the merit function for the linesearch. We follow the Armijo rule for backtracking. The

backtracking avoids taking steps that lead to small decrease in �. Refer to Dennis and Schnabel's book

[13] for more details on backtracking and step taking rules. The Armijo condition can be expressed as

follows:

Find the smallest integer i such that

�(v + �2�idv) ��(v) � �2�idvTr�(v) (28)

where � = minf�max; 1g, �max = minf�p; �d; �s; �zg and  is a parameter of the algorithm. A typical

value for  is 10�4.

The Stopping Criterion

As mentioned before, the algorithm stops when the KKT conditions are satis�ed with an accuracy of �.

Algebraically, the stopping rule is as follows

kF�(vk)k < � (29)

In our implementation, we will rather use a normalized version of the criterion as shown below

kF�(vk)k
2
2

1 + kvkk
2
2

< � (30)

� is problem dependent and is given as a parameter of the algorithm.

AN INCREMENTAL PRIMAL-DUAL ALGORITHM FOR

PROBLEMS WITH SPECIAL STRUCTURE

In [10] a primal-dual algorithm is proposed that modi�es the generic primal-dual technique for problems

that have the following form

min f(x) =
P

L

l=1 fl(x) (31)
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s:t:

hl(x) = 0

gl(x) � 0 for l = 1; : : : ; L

This type of problems is very common in engineering applications. For example, constrained least square

problems are one of the special instances of 31. Our interest is in the arti�cial neural network training

problem that has also this speci�c structure. In this section, we develop the incremental primal-dual

technique for the general problem 31 and in the next section we describe how it is applied to the neural

network training problem. In the neural network community, the incremental update of the variables is

known as online training [20]. In general, the problems for which incremental methods are suitable are

problems that deal with a large amount of data and the objective function f is a sum of errors terms

between estimated and measured values for a speci�c problem. If the given problem has L data points,

the incremental technique decomposes the problem into L subproblems. The update of the variables is

performed by increments. Each increment corresponds to a data point.

One bene�t from using an incremental idea rather than a classical method is a memory space gain.

The memory space required by the method depends only on the size of the subproblems whereas in the

traditional methods one must store information from all the data points simultaneously, which can lead

to memory overows when dealing with large scale problems. Another bene�t from using an incremental

technique is that the data are fed several times to the system and in the case of neural network training

for example, cycles of data feeds increases the chance to �nd a global optimum of the error function.

Also, in online applications, where all the data are not available at one time but only on a one-by-one

basis, incremental methods are needed.

Incremental gradient techniques have been investigated recently [4, 5, 57]. They were �rst proposed

by Davidon [11].

The incremental primal-dual algorithm starts from a point v01 and generates the sequence

(vt1; : : : ; v
t

L+1)t=0;1;::: where

v
t

l+1 = v
t

l
+ �t

l
�vt

l
l = 1; : : : ; L

v
t+1
1 = v

t

L+1

and �vt
l
is calculated by performing one Newton's step towards the solution of the following subproblem

min fl(x)

s:t:

hl(x) = 0

gl(x) � 0:

Speci�cally, �vt
l
is the solution of the linearized system of the KKT conditions

J(vt
l
)�vt

l
= �F l

�
(vt
l
) (33)

where vt
l
= (xt

l
; y

t

l
; s

t

l
; z

t

l
),

F
l

�
(vt
l
) =

0
BB@
rxLl(x

t

l
; y

t

l
; z

t

l
)

hl(x
t

l
)

gl(x
t

l
)� s

t

l

ZSe � �e

1
CCA = 0 (st

l
; z

t

l
) � 0; (34)

Ll(x
t

l
; y

t

l
; z

t

l
) = fl(x

t

l
) + (yt

l
)Thl(x

t

l
)� (zt

l
)Tgl(x

t

l
); (35)

J(vt
l
) =

0
BB@
r2
x
Ll(x

t

l
; y

t

l
; z

t

l
) rhl(x

t

l
) 0 �rgl(x

t

l
)

rhl(x
t

l
)T 0 0 0

rgl(x
t

l
)T 0 �I 0

0 0 Z S

1
CCA (36)
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and �t

l
is the vector of step lengthes calculated through linesearches. The update of � is performed after

all the increments of one phase have been executed.

This method of incrementing the update of the variables can be seen as performing a Newton's step

that is the geometric sum of all the Newton's directions corresponding to each one of the data points l,

l = 1; : : : ; L. Mathematically, it can be seen as follows

v
t

1 = vstart (37)

v
t

2 = v
t

1 + �t

1�v
t

1 (38)

v
t

3 = v
t

2 + �t

2�v
t

2 (39)

v
t

4 = v
t

3 + �t

3�v
t

3 (40)

... (41)

v
t

L
= v

t

L�1 + �t

L�1�v
t

L�1 (42)

v
t

L+1 = v
t

L
+�t

L
�vt

L
: (43)

Summing right and left hand sides in Equations 37 through 43 and cancelling identical terms on both

sides, we obtain

v
t

L+1 = vstart + d
t (44)

where dt =
P

t

l=1�
t

l
and vstart is some arbitrary starting value.

d
t represents the geometric sum of all the Newton's directions generated by each of the data point

individually.

Next, we give the main steps of the incremental primal-dual algorithm for nonlinear programming.

Incremental Nonlinear Primal-Dual Algorithm (INC-

NLPD)

Step 1 Set t = 0, l = 1.

Step 2 Start with v
t

l
= (xt

l
; y

t

l
; s

t

l
; z

t

l
) where (st

l
; z

t

l
) > 0 and ini-

tialize � > 0.

Step 3 If stopping criterion is satis�ed, go to Step 10, otherwise

go to Step 4.

Step 4 while (l � L + 1) do Step 5, 6, 7 and 8, otherwise go to

Step 9.

Step 5 Solve the system of linear equations 33 for �vt
l
.

Step 6 Perform the linesearches to determine �t

l
.

Step 7 Move to next point vt
l+1 = v

t

l
+ �t

l
�vt

l
.

Step 8 Set l = l + 1 and go to Step 4.

Step 9 Set t = t + 1, vt1 = v
t�1
L+1, update � and go to Step 3.

Step 10 Stop with the optimal point v� = v
t

l
.

Note that in Step 3 the stopping criterion can not be de�ned as in the general NLPD algorithm because

the norm of the KKT conditions is di�erent for each one of the increment l. Usually, in practice the

stopping criterion used is a measure of accuracy for the given application. For example in the case of

arti�cial neural network training, the algorithm stops when the training error becomes smaller than a

preset threshold.
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Figure 1: Multilayer Arti�cial Neural Network

Since the above approach generally locates local minima a stochastic variation of the NLPD is pro-

posed in [10]. The main idea is that of perturbing the steps of the local search procedure (NLPD) by

a random noise, whose aim is to help in escaping from the region of attraction of local, but not global,

minima. The magnitude of the noise is decreased as the iteration counter increases. Moreover, according

to a simulated annealing approach, nonimproving moves are accepted with probability de�ned by the so

called Metropolis acceptance function. The next section describes the application of the above technique

to the training of arti�cial neural networks.

APPLICATION TO ANNS TRAINING

Problem Statement

We consider feedforward arti�cial neural networks. All the connections between neurons are forward and

there are no connections between neurons belonging to the same layer. We are interested in the case of

multilayer ANNs. Typically, the ANN will have one input layer, one hidden layer and one output layer.

The training methods that we will develop can be easily adapted to the case where multiple hidden

layers are present. Figure 1 illustrates the ANN architecture used in this research.

The problem to be solved is known as supervised ANN training. Given a set of input patterns and

their corresponding desired outputs, the optimal set of connection weights between neurons that achieved

a minimum error between the desired outputs and the actual outputs of the network is to be found. The

network is said to be trained when the optimal connection weights are found.

The classical methodologies to train such ANNs are based on the backpropagation concept �rst

presented by Werbos [64]. The idea is to iteratively update the weights, starting from the output layer

where complete information is given, and backpropagate the information to the layers that precede it.

The update of the weights is derived from the gradient descent technique. Variants that used Quasi-

Newton techniques have also been proposed [1]. The backpropagation algorithm (BP) has given very

good results and it is still used as a benchmark algorithm for its robustness. However, BP leads to long

training times and its use in online applications that require fast training is therefore inappropriate.

We propose to develop a new approach for supervised training of ANNs. We describe the training

problem as a general nonconvex constrained minimization problem with linear constraints. To perform

the online training of the ANN, we will use the incremental algorithm presented earlier.

10



The Error Minimization Problem

The following notations are to be used next

� P - Number of input patterns.

� n
(1) - Number of input neurons.

� n
(2) - Number of hidden neurons.

� n
(3) - Number of output neurons.

� fa - Common activation function for all the neurons.

� Xp = (xp1; xp2; : : : ; xpn(1))T - Input vector corresponding to pattern p.

� Dp = (dp1; dp2; : : : ; dpn(3))T - Desired output vector corresponding to pattern p.

� vij - Weight on the connection from i
th input neuron to jth hidden neuron.

� wjk - Weight on the connection from j
th hidden neuron to kth output neuron.

� y = (y1; y2; : : : ; yn(2))T - Output vector of the hidden layer.

� z = (z1; z2; : : : ; zn(3) )T - Output vector of output layer.

We have the following

yj = fa(

n
(1)X
i=1

vijxpi) for all j = 1; : : : ; n(2): (45)

and,

zk = fa(

n
(2)X

j=1

wjkyj) for all k = 1; : : : ; n(3): (46)

The activation functions for all the neurons are assumed to be identical. A typical choice for the

activation function is the hyperbolic tangent de�ned as

fa(x) = tanh(x) =
e
x � e

�x

ex + e�x
: (47)

When the weights become too large, the activation function is working in its at regions and the

neurons have di�culties to �re. This phenomenon is known as network paralysis [63]. To ensure that

the neurons are not saturated and that they are able to �re at all times, we would like to remain in the

region of the activation function where it has a linear behavior. With this in mind, rather than imposing

box constraints on the weights, we will constrain the weights between the input and hidden layers as

follows

�� � fa(

n
(1)X
i=1

vijxpi) � � for j = 1; : : : ; n(2): (48)

Since fa is symmetric around 0 and one-to-one mapping in its domain of de�nition, the above inequality

is equivalent to

�f�1
a

(�) �

n
(1)X

i=1

vijxpi � f
�1
a

(�) for j = 1; : : : ; n(2) (49)

where � is a preset value, typically 0:7 � � � 0:9. By this selection, we avoid the at areas of the error

function.
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Therefore, the training problem can be written as the following error minimization problem

min E(v; w)

s:t:

for p = 1; : : : ; P

�f�1
a

(�) �
P

n
(1)

i=1 vi1xpi � f
�1
a

(�)

�f�1
a

(�) �
P

n
(1)

i=1 vi2xpi � f
�1
a

(�)

...

�f�1
a

(�) �
P

n
(1)

i=1 vin(2)xpi � f
�1
a

(�)

where E(v; w) = 1
2

P
P

p=1

P
n
(3)

k=1(zk � dpk)
2. We see that this formulation possesses the special structure

required by the incremental primal-dual technique developed in the previous section. In previous work

[53, 56] box constraints were used on the weights. If box constraints were to be used on the weights, one

would have 2[n(2)(n(1)n(3))] box constraints whereas now we have 2n(2) weighted-sum constraints. Note

that at each step of the incremental algorithm, we only consider the constraints corresponding to the

current pattern. The information from the previous constraints is stored in the incremental direction of

move. This type of training is known as online training of the data. The pattern are fed to the system

one at a time.

Application to Financial Forecasting

In �nance, one would like to predict the behavior of some market indicators so as to increase the return

on investment. The problem of �nancial forecasting is complicated. Its complexity is due to the number

of factors that can inuence the behavior of the market. Usually, experts isolate a number of signi�cant

factors that are either derived from historical data or estimated subjectively from experience. Recently,

a di�erent approach has been shown to be very successful. The idea is to use machine learning to detect

patterns in the �nancial history of a speci�c market and try to identify these patterns in the present

and future data. Neural networks have been shown to be very accurate for this speci�c application

[65, 37, 38, 12].

We present computational results for two types of �nancial data. The �rst database contains the

values of return rate for the BOEING stock price over time (days). The second database is a record of

the exchange rate from the Swiss Franc to US dollars. It has been recorded every minute. We propose

to use a 3 layers neural network architecture to learn the data. We use data from the 5 previous time

steps as input, and the next data point as output. Therefore the input layer has 5 input nodes, the

output layer has one output node and we use 5 nodes for the hidden layer. Our experiments have shown

that 5 hidden nodes gave the best architecture for this application. Figure 2 describes the precise ANN

architecture.

We train the ANN using 5 di�erent methodologies as listed below

� A backpropagation algorithm. It is a gradient descent technique that uses information of the

output layer to compute gradients at the hidden layer.

� A Recursive Prediction Error Method (RPEM)[53]. It is Quasi-Newton modi�cation of the back-

propagation algorithm where the update of the approximation of the hessian matrix follows the

RPEM update [41].

� A logarithmic barrier method (Log. Barrier)[53, 56]. The algorithm embeds the box constraints

on the weights as a logarithmic penalty term into the objective function. It is an interior point

method that uses the backpropagation framework to compute the gradients.

� A Stochastic logarithmic barrier method (Stoc. Log. Barrier)[56]. It is a stochastic version of the

previous algorithm. It inicts random perturbation on the search directions to seek better local

minima and hopefully global minima.
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Figure 2: Arti�cial Neural Network Architecture for Financial Forecasting

Table 1: Training Results for Boeing Stock Price Return

Mean of Variance of

Training Training

Algorithm Error Error

Backpropagation 0.131106 0.000312879

RPEM 0.605977 0.495492

Log. Barrier 3.6606 63.9709

Stoc. Log. Barrier 0.032735 3.07687E-05

INCNLPD 0.05999418 6.13E-12

� The incremental nonlinear primal-dual algorithm (INCNLPD) developed above.

Tables 1 and 2 report the means and variances of the training error for ten runs of each algorithm.

The training is performed over 40 days, and prediction is performed from day 40 to day 58. For the Swiss

Franc Exchange database the training is performed over 100 patterns and the next 100 patterns are used

to evaluate the prediction. From the tables, it is clear that INCNLPD outperforms the backpropagation

algorithm. The backpropagation technique stops with local minima that often are not good enough to

train the data. This is due to the fact that the backpropagation is a gradient descent technique that

only uses local information on the error surface while INCNLPD uses primal and dual information as

well as perturbation on the KKT conditions to seek good local minima. INCNLPD performs as good

as the Stoc. Log. Barrier method. The testing phases are very similar for both algorithms. This is

very encouraging because the Stoc. Log. Barrier algorithm was shown to be very e�ective for function

approximation [53]. INCNLPD seems to be more robust than RPEM or Log. Barrier methods. It

gives more consistent results. For the Swiss Franc database, the Log. Barrier was not able to train

the data. We have also train the same ANN architecture with the NevProp implementation of the fast

backpropagation algorithm [34]. For the BOEING database, the mean training error achieved for 10

runs was of 0.31555 with zero variance and for the Swiss Franc database, the mean training error was

of 0.00326 with also zero variance. Comparing these results with those of Tables 1 and 2, INCNLPD is

also much better.

APPLICATIONS OF IPMS TO

SUPPORT VECTOR MACHINES

Recently a lot of attention has been given to applications of mathematical programming to machine

learning and neural networks. In this section we investigate the use of IPMs to SVMs training. Empha-
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Table 2: Training Results for Swiss Franc Exchange Rate

Mean of Variance of

Training Training

Algorithm Error Error

Backpropagation 0.000821972 3.84808E-12

RPEM 7.45659E-05 6.56031E-10

Log. Barrier 9.54193 11.2404

Stoc. Log. Barrier 0.000189679 4.17968E-09

INCNLPD 0.00010937982 3.9536324E-11

sis will be given to primal-dual IPMs. Training a SVM is equivalent to solving a linearly constrained

quadratic programming (QP) problem in a number of variables equal to the number of data points.

This problem becomes quite challenging when the size of the data becomes of the order of some thou-

sands. IPMs have been shown quite promising for solving large scale quadratic programming problems.

Therefore it seems natural to investigate the use of IPMs for training SVMs.

SVMs for Pattern Recognition

SVMs were invented by Vapnik [62]. In its simplest form an SVM is a hyperplane that separates a set

A from a set B with maximum margin. The set A can be considered as a set of positive examples and

the set B as a set of negative examples.

At �rst we start with the simplest case: linear machines trained on separable data. Let the following

noiseless data are given fxi; yig ; i = 1; :::; l; yi 2 f�1; 1g ; xi 2 R
d. We suppose that we can �nd some

hyperplane (separating hyperplane) which separates the positive from the negative examples. Let d+ be

the shortest distance from the separating hyperplane to the closest positive example. Similarly let d� be

the shortest distance to the closest negative example. We de�ne the margin of a separating hyperplane to

be d++d�. In the linear separable case the SVM training algorithm looks for the separating hyperplane

with the largest possible margin. Intuitively this hyperplane will provide the smallest generalization error

among the in�nite hyperplanes which separate the data linearly. In order to �nd the pair of hyperplanes

which gives the maximum margin we consider the following optimization problem:

minkwk
2
s:t yi(xiw + b)� 1 � 0 8i: (50)

In the case of non separable data Vapnik [62] has shown that the training of a SVM leads to the

following quadratic optimization problem

min
1

2

X
i;j

�i�jyiyjxi:xj �
X
i

�i (51)

subject to:

0 � �i � C; (52)X
i

�iyi = 0; (53)

where C is a constant selected by the user. The vector p de�ning the separating hyperplane is given as

in the linear separable case by

p =

NX
i=1

�iyixi; (54)

where N is the cardinality of the set of support vectors. A support vector is de�ned as a training vector

for which �i > 0.
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Non-linear SVMs

Now we consider the case where separating surface is a nonlinear function of the data. In order to

generalize in this case we observe that in the objective function of linear SVMs the data appear in the

form of dot products xi:xj. Then we map the data in a higher dimensional euclidean space through a

non-linear map which we call 	. More speci�cally:

	 : Rd ! X: (55)

The space X is called the feature space. In the feature space we consider a linear classi�cation problem.

By considering a dot product in the transformed space X we can generalize the linear SVMs into nonlinear

SVMs. Speci�cally we de�ne the dot product in X through a kernel function K. More speci�cally we

will have K(xi; xj) = 	(xi):	(xj). Now we have to solve the same quadratic programming problem as

in the previous section replacing the xi:xj with K(xi; xj) = 	(xi):	(xj). The �nal classi�er has the

following nonlinear form:

f(x) = (

lX
i=1

�iyiK(x; xi) + b) (56)

Training a SVM involves the solution of a quadratic programming problem in l variables, where l is

the number of support vectors or the number of data points. When the number of data points is large

(greater than 2,000) the QP problem becomes di�cult to solve with the standard QP approaches. There

are interesting engineering applications (object character recognition, face detection e.t.c) [35] where

50,000 or more data points are not uncommon. Then decomposition can be applied [36].

Reformulating the Problem

Traditionally, SVMs are derived by �rst deriving the constrained optimization problem of �nding the

optimal separating hyperplane that has maximum margin (the primal problem), and then studying its

dual problem.However, it is also possible to solve the primal formulation of the problem using only the

kernel K. In fact, one can show that the primal problem, which is the dual of the dual problem can also

be written as:

min imize
1

2
�
T
Q�+ C

nX
i=1

�i

subject to :

yi(

nX
j=1

�jyjK(xi; xj) + b) � 1� �i i = 1; :::; n

�i; �i � 0 i = 1; :::; n and b is free

This problem formulation, which from now on we refer to as the primal reformulation, has the same

initial structure as the original primal formulation, but incorporates the kernel K and has a natural and

clear interpretation (see Osuna and Girosi [39]). The above formulation provides a nice framework to

apply column generation interior point techniques which will be described later.

SVMs for Regression

Recently SVMs have been used for regression. Next we extend the SVM approach to regression problems

developing the basic ideas [39]. Suppose we have given a set of noiseless training data (x1; y1); :::; (xl; yl) �

X � R, where X denotes the space of input patterns and X � R
d. Usually the set X contains points

with components describing attributes for a speci�c application. For applications in �nance these might

be exchange rates and some econometric indicators. Our goal is to �nd a function f that has a deviation
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of at most � from the desired targets yi and is as at as possible. In order to explain the ideas we start

with the simple case where we approximate the data with linear functions

f(x) = w
T
x+ b: (57)

The atness in this case means that the length of w is small. Therefore we consider the following convex

optimization problem:

min
1

2
kwk

2
s:t:

�
yi � w

T
xi � b � "

�yi +w
T
xi + b � "

(58)

Here we make the assumption that the constrained optimization problem is feasible. In order to work

with infeasible constraints we introduce slack variables �i and �
�
i
respectively. Then we arrive at the

following formulation ([62])

min
1

2
kwk

2
+ c

lX
i=1

(�i + �
�
i
)s:t

8<
:

yi � w
T
xi � b � " + �i

�yi �w
T
xi + b � "+ �

�
i

�i; �
�
i
� 0

(59)

By considering the Wolfe dual of the above optimization problem and mapping the data x into a high

dimensional space F (equipped with a dot product) through a nonlinear mapping � as in the previous

section we have the following quadratic optimization problem:

maxW (�; ��) = �"

lX
i=1

(��
i
+ �i) +

lX
i=1

(��
i
� �i)yi

�
1

2

lX
i;j=1

(��
i
� �i)(�

�
j
� �j)k(xi; xj)

subject to 0 � �i; �
�
i
� C; and

lX
i=1

(�i � �
�
i
) = 0;

where C, � are chosen by the user. Then the regression estimator takes the following form

f(x) =

lX
i=1

(��
i
� �i)k(x; xi) + b; (60)

where ��
i
, �i are the optimal solutions of the above optimization problem. The dot product is de�ned

through a kernel function as follows:

k(xi; xj) = �(xi):�(xj); (61)

where k is a symmetric function satisfying the conditions in Mercer's theorem [39, 40]. Next we investi-

gate a QP primal-dual formulation of the SVMs training problem.Our presentation follows [40].

0.1 Quadratic Programming Primal-Dual Formulation

The SVMs training problem in its dual form is a special case of the following general QP problem:

min
1

2
q(�) + c:� (62)

s:t A� = b l � � � u: (63)

By adding slack variables for the box constraints we have the following formulation:

min
1

2
q(�) + c:�
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s:t A� = b; �� g = l; �+ t = u

g; t � 0; � free

The Wolfe dual of the above problem can be written as follows

max imize
1

2
(q(�)�r�q(�):�) + b

T
y + l

T
z � u

T
s

subject to
1

2
r�q(�) + c� (Ay)T + s = z

s; z � 0; y free:

A necessary condition for optimality is that the primal/dual variables satisfy both the feasibility

conditions and the complementary slackness conditions,

gizi = 0

siti = 0

�
for all i 2 f1; :::; lg (64)

The basic idea of IPMs path following algorithms as described in section 3 is to solve the perturbed

KKT conditions iteratively. The duality gap between primal and dual objective function monitors the

progress of the algorithm towards the optimal solution. More speci�cally, one considers the perturbed

complementary slackness conditions:

gizi = �

siti = �

�
for all i 2 f1; :::; lg (65)

Then by linearizing the perturbed KKT system we get the following:

A(�+��) = b

�+��� g ��g = l

�+��+ t+�t = u

c+ 1
2
r�q(�) +

1
2
r2
�
q(�)��� (A(y +�y))T + s +�s = z +�z

(gi +�gi)(zi +�zi) = �

(si +�si)(ti +�ti) = �

(66)

The method is described in Vanderbei [60]. Then one gets

A�� = b�A� =: �

����g = l � �+ g =: �

��+�t = u� �� � =: �

(A�y)T +�z ��s� 1
2
r2
�
q(�)�� = c � (Ay)T + 1

2
r�q(�) + s� z =: �

g
�1
z�g +�z = �g

�1 � z � g
�1�g�z =: z

t
�1
s�t +�s = �t

�1 � s � t
�1�t�s =: s

(67)

where

g
�1 = (1/g1; :::; 1/gn): (68)

Similarly for t�1. The product of two vectors is de�ned as the componentwise product of vectors. Solving

the above system of equations we can formulate the reduced KKT-system:�
�(1

2
r2
�
q(�) + g

�1
z + t

�1
s A

T

A 0

� �
��

�y

�
=

�
� � g

�1
z�̂ � t

�1
s�̂

�

�
(69)

In order to solve the above system we use the standard Cholesky factorization. There are several issues

to consider. One is the selection of the parameter �. Vanderbei ([60]) suggests the following heuristic:

� =
g
T
z + s

T
t

2n

�
� � 1

� + 10

�2
(70)
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The logic behind this heuristic is to use an average of the duality gap for � and then decrease it rapidly if

we are far from the boundaries of the positive orthant. In recent work [24, 25] a new primal-dual algorithm

is developed based on algebraic di�erential equations in which an analytic approach of computing the

parameter � is given solving an ordinary di�erential equation. We have also to choose a good starting

point for our algorithm. Vanderbei considers the following problem

�
�(1

2
r2
�
q(�) + 1) A

T

A 0

��
�

y

�
=

�
c

b

�
(71)

, to �nd a good starting point for its algorithm. In order to guarantee positivity of the variables, following

section 3, we have

x = max(x; u/100)

g = min(�� l; u)

t = min(u� �; u)

z = min
�
max

�
1
2
r�q(�) + c� (Ay)T ; 0

��
+ u/100; u)

s = min
�
max

�
�1

2
r�q(�)� c+ (Ay)T ; 0

��
+ u/100; u)

:(72)

The above approach can be applied both to pattern recognition and regression. More speci�cally in

the case of classi�cation we have the following

q(�) =

mX
i;j=0

�i�jyiyjk(xi; xj): (73)

Therefore
@q(�)

@�i
= yi

mP
j=1

�jyjk(xi; xj)

r2
�i;�j

q(�) = yiyjk(xi; xj)

: (74)

In this case since the Hessian is a dense matrix we have to use Cholesky factorization. In the case of

regression one has to consider the following Hessian

N =

�
K +D �K

�K K +D

�

where D;D0 are diagonal matrices. By using an orthogonal transformation we can transform the matrix

N into the following form

O
T
NO =

�
2K + D+D

2
D�D

2
D�D

2
D+D
2

�
;

which can be inverted in O(m2) operations compared to O(m3)for standard diagonalization methods

for arbitrary symmetric matrices. In his recent work Smola [40] has shown the above approach to be

quite e�ective with moderately sized problems (up to 3,000 training data sets). The derived solutions

are precise in the sense that the duality gap is of the relative size of 10�7.

On large data sets there are several problems due to memory and CPU limitations to compute

and keep in memory the matrix k(xi; xj). The quadratic form involves a matrix that has a number

of elements equal to the square of the number of training examples. This matrix cannot �t easily

into the memory of a standard computer (e.g, 128 Megabytes are needed if there are more than 4000

training examples).Therefore one has to investigate more e�cient ways to solve the resulting quadratic

optimization problems. Vapnik [61] suggested a decomposition method to solve the SVM QP, called

"chunking." The idea of the chunking algorithm is that the value of the quadratic form is the same

if you remove the rows and columns of the matrix that correspond to zero Lagrange multipliers �i.

Hence, the QP problem can be decomposed into a series of smaller QP problems. The objective is

to identify all of the non zero �is and discard all of the zero �is. Each QP subproblem is initialized

with the results of the previous subproblem. Finally, the entire set of non zero �is has been identi�ed,

solving the original QP problem. Chunking reduces the size of the matrix from the number of training

examples squared to approximately the number support vectors squared. However, chunking still may
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not handle large scale training problems in the case of large number of support vectors. In order to solve

this problem Kaufman [39] suggested sophisticated data structures in the QP method. Osuna et al.[36]

suggest keeping a constant size matrix for every QP sub problem by adding one example and subtracting

one example at every step. Recently Platt [39] developed the Sequential Minimal Optimization (SMO)

method that is a simple algorithm that quickly solves the SVM QP problem without any extra matrix

storage and without invoking an iterative numerical routine for each sub problem. SMO decomposes

the overall QP problem into QP sub problems similar to Osuna's method. A more extensive literature

review on SVMs can be found on the web site http://svm.�rst.gmd.de/.

INTERIOR POINT COLUMN GENERATION

(IPCG) TECHNIQUES

The IPCG algorithm has been developed in optimization theory to solve the so called convex feasibility

problem. There, the objective is to �nd a feasible point in a convex set S � R
M , where we assume

S contains an interior point. The convex set S may be bounded by inequalities of arbitrary shape.

Their number may be �nite or in�nite and they may be de�ned implicitly. The convex feasibility

problem includes as a special case the linear programming problem, the linear feasibility problem and

the convex quadratic programming problem with quadratic constraints [19]. One of the key features is

that inequality constraints that de�ne the convex feasible region) are considered one at a time. Therefore

IPCG algorithms can be quite bene�cial in solving the SVM problem either in its primal form or its

dual form.

The IPCG algorithm works as follows. We start with a su�ciently large "search region" 
0, such

that S � 
0. The algorithm iteratively cuts a portion away from the search region, thereby generating

the sequence of shrinking sets:


0 � 
1 � 
2 � :::: � 
k � 
k+1 � S: (75)

At each iteration k, the "analytic center" yk (the de�nition of this center will be given shortly) of


k, is tested for feasibility with respect to S. If yk 2 S, then the algorithm stops. Otherwise, we have

that yk =2 S and a cut is generated to form 
k+1,


k+1 = 
k \

�
y 2 R

M : ck+1 � a
T

k+1y �
1

2
y
T
Qk+1y � 0

�
; (76)

where ck+1 is a scalar, ak+1 is an Mx1 vector, and Qk+l is an MxM symmetric positive semide�nite

matrix (in the case of quadratic constraints). Cuts are always placed through Qk in a way such S �


k+1 � 
k. The success of IPCG method depends critically on the choice of the center for each 
k.

Intuitively we would like yk to be located at the geometric center of 
k. Unfortunately the geometric

center is di�cult to compute [22]. In order to achieve overall computational e�ciency the analytical

center is used which depends on the analytic representation of 
k. It is de�ned as follows. To 
k we

correspond the following potential function

�k(y) = �

nkX
j=1

log sj ; (77)

where the slacks sj are measures of the distance from y to each of the boundaries of 
k which is de�ned

by nk inequalities. Speci�cally,

sj = cj � a
T

j
y �

1

2
y
T
Qjy; j = 1; :::; nk (78)

The minimizer of �k is called the analytical center of 
k [42]. In [29] we use build-up and down

strategies [21] in the IPCG framework which can be considered as an interior point version of Osuna's

decomposition methods. There are several challenges like strategies which drop constraints that do not

correspond to support vectors.
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CONCLUSIONS

We have developed primal-dual algorithms for ANNs and SVMs training. A new class of incremental

primal-dual techniques for problems with special decomposition properties was also discussed. The

technique performs successive increments for each decomposition term of the objective function. The

method is particularly bene�cial for online applications and problems that have a large amount of data.

We have shown that the technique can be nicely applied to arti�cial neural network training and we

provided preliminary computational results. Convergence of the above algorithm is discussed in [10].

Primal-dual path following algorithms are relatively fast for medium sized problems. They are also

robust in terms of accurate solutions, especially in the case of SVMs training where they compute global

optimal solutions. Unfortunately they require computation and inversion of the kernel matrix and can

become very expensive. Chunking and decomposition techniques of IPMs, like IPM column generation

techniques can be bene�cial in improving the complexity of those algorithms. This is the subject of a

forthcoming paper [29].
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