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Abstract

The v-support vector machines (v-SVM) for classification proposed by
Scholkopf et al. has the advantage of using a parameter v on controlling
the number of support vectors. However, comparing to regular C-SVM, its
formulation is more complicated so up to now there are no effective meth-
ods for solving large-scale v-SVM. In this paper, we modify the v-SVM to
a quadratic program with bound constraints and one simple equality con-
straint. Then existing decomposition methods can be modified to solve it.
We demonstrate a decomposition method similar to the software SV Mlight
for regular C-SVM. Motivated from the possible infeasibility of the dual v-
SVM formulation, we investigate the relation between v-SVM and C-SVM
in detail. We show that in general they are two different problems with
the same optimal solution set. Hence we may expect that many numerical
aspects on solving them are similar. We also discuss the behavior of v-SVM
by some numerical experiments.

1 Introduction

The v-support vector classification (Scholkopf et al. 2000; Scholkopf et al. 1999)
is a new class of support vector machines (SVM). Given training vectors x; €
R™,i=1,...,l in two classes, and a vector y € R’ such that y; € {1,—1}, they

consider the following primal problem:

!
1 1
(P,) minéwTW —vp+ 7 Zzzl & (1.1)

yi(who(xi) +b) > p—&,
&>00=1,...,1, p>0.

Here 0 < v < 1 and training vectors x; are mapped into a higher (maybe infinite)

dimensional space by the function ¢. This formulation is different from the original
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C-SVM (Vapnik 1998):

l
1 4
(Pg) minw w+C;§i (1.2)

yi(who(x;) +b) >1-¢&,
£>0i=1,... 1

In (1.2), a parameter C is used to penalize variables &;. As it is difficult to select
an appropriate C, in (P,), Scholkopf et al. introduces a new parameter v which
lets one control the number of support vectors and errors. To be more precise,
they proved that v is an upper bound on the fraction of margin errors and a
lower bound of the fraction of support vectors. In addition, with probability 1,
asymptotically, v equals to both fractions.

Although (P,) has such an advantage, its dual is more complicated than the
dual of (Pg):

1
(D,) minéaTQa
yia=0, efa >y,

0<o;<1/l, i=1,...,1, (1.3)

where e is the vector of all ones, Q is a positive semidefinite matrix, Q;; =
viy; K (xi,%;), and K(x;,%;) = ¢(x;)" ¢(x;) is the kernel.
Remember that the dual of (FP¢) is as follows:

1
(D¢) mingaTQa —e'a

yia=0,0<; <C,i=1,...,L

Therefore, it can be clearly seen that (D,) has one more inequality constraint.
Due to the density of Q, traditional optimization algorithms such as Newton,
Quasi Newton, etc., cannot be directly applied to solve (D¢) or (D,). Currently
major methods on solving large (D¢) (for example, decomposition methods (Os-
una et al. 1997; Joachims 1998; Platt 1998; Saunders et al. 1998) and the method
of nearest points (Keerthi et al. 2000)) utilize the simple structure of constraints.
Because of the additional inequality, these methods cannot be directly used for

solving (D,). Up to now, there are no implementation for large-scale v-SVM.
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In Section 2, we modify »-SVM to a quadratic program with bound constraints
and one simple equality constraint. Then existing decomposition methods can be
modified to solve it. We then demonstrate a decomposition method similar to the
software SV M'"h (Joachims 1998) for C-SVM.

From the discussion in Section 2, we realize that it is possible that (D,) is
infeasible so we are interested in the relation between (D,) and (D¢). Though in
(Scholkopf et al. 2000, Proposition 13), this issue has been studied, in Section 3
we investigate this relation in more detail. The main result (Theorem 3.7) shows
that solving them is just like solving two different problems with the same optimal
solution set. In addition, the increase of C' in C-SVM is like the decrease of v in
v-SVM. Hence we may expect that many numerical aspects on solving them are
similar.

Based on the work in Section 3, in Section 4 we derive the formulation of v
as a function of C. Section 5 presents numerical results. Experiments show that
several numerical properties on solving (D) and (D,) are similar. Finally in

Section 6, we make conclusions.

2 Modifications of »-SVM and Decomposition
Methods

In this section we try to reformulate and simplify (D,). First we show that the

inequality e’ > v can be treated as an equality:

Theorem 2.1 Let 0 < v < 1. If (D,) is feasible, there is at least one optimal
solution of (D,) which satisfies e’ = v. In addition, if the objective value of

(D,) is not zero, all optimal solutions of (D,) satisfy e’a = v.

Proof. Since the feasible region of (D, ) is bounded, if it is feasible, (D,) has at
least one optimal solution. Assume (1.3) has an optimal solution a such that

ela > v. Since e’a > v > 0, by defining
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a is feasible to (1.3) and e’ = v. Since a is an optimal solution of (D, ), with

ela>v,

a’'Qa < af'Qa = (ﬁfaTQa < alQa. (2.1)

Thus @& is an optimal solution of (D,) and a’Qa = 0. This also implies that

if the objective value of (D,) is not zero, all optimal solutions of (D,) satisfy

ela=v. O

Therefore, in general e’ > v in (D,) can be written as e’a = v. It has
been mentioned in (Schélkopf et al. 2000, Footnote 2) that practically one can
alternatively work with e’ o > v as an equality constraint. From the primal side,
it was first shown in (Crisp and Burges 1999) that p > 0 in (P,) is redundant.
Without p > 0, the dual becomes:

1
mingaTQa
0<aq; <1/I, 1=1,...,1, (2.2)

yia=0, e'a=r.

Therefore, the equality is naturally obtained. Note that this is an example that
two problems have the same optimal solution set but are associated with two duals
which have different optimal solution sets. It is interesting that here the primal
problem which has more restrictions is related to a dual which has a larger feasible
region. For our later analysis, we keep on using (D,) but not (2.2). Interestingly
we will see that the exceptional situation where (D,) has optimal solutions such
that e’ > v happens only for those v which we are not interested in.

Due to the additional inequality, the feasibility of (D, ) and (D¢) is different.
For (D¢), 0 is an trivial feasible point. However, (D,) may be infeasible no matter
training data are separable or not. An example where (P,) is unbounded below
and (D,) is infeasible is as follows: Given three training data with y; = y» = 1,
and y3 = —1. If v = 0.9, there is no a in (D,) which satisfies 0 < «a; <
1/3,[1,1,—1]a = 0 and eTax > 0.9. Hence (D,) is infeasible. When this happens,
we can choose w = 0,& = & = 0,b = p,& = 2p as a feasible solution of (P,).
Then the objective value is —0.9p+2p/3 which goes to —co as p — oco. Therefore,
(P,) is unbounded.



We then describe a lemma which was first proved in (Crisp and Burges 1999).

Lemma 2.2 (D,) is feasible if and only if v < Vpaz, where

_ 2min(#y; = 1, #y = —1)

Vma:z: l )

and (#y; = 1) and (#y; = —1) denote the number of elements in the first and

second classes, respectively.

Proof. Since 0 < o; < 1/1,i=1,...,1, with y"a = 0, for any « feasible to (D,),
we have el a < v,,,4,. Therefore, if (D,) is feasible, v < V,,,4,. On the other hand,
if 0 < v < Ve, min(#y; = 1, #y; = —1) > 0 so we can define a feasible solution
of (D,):

o {—z<#;_n if y; =1,
7 1.

W= Y=~
This « satisfies 0 < a; < 1/l,i =1,...,l and y'ax = 0. If v = 0, clearly a = 0
is a feasible solution of (D,). O

Note that the size of v,,4, depends on how balanced the training set is. If the
numbers of positive and negative examples match, then v,,,, = 1.

Since it is still more complicated to handle two linear constraints y’a = 0
and ef’a = v together, we try to remove one. For C-SVM, (Mangasarian and
Musicant 1999), and (Friess et al. 1998) added b%/2 into the objective function
and can remove the linear constraint y’a = 0 in the dual. Here we would like to

exploit a similar approach for (P,). Consider the following new primal problem:

1
(P,) ming ww + §b vp + 7 ; & (2.3)
yi(W p(x;) +b) > p— &,

5120’2215 7lap20
The dual of (P,) is:

_ 1
(D,) minﬁaT(Q +yyha
0<a; <1/, i=1,...,1 (2.4)

ela > V.



Similar to Theorem 2.1, we can solve (D, ) using only the equality e’ = v. Hence
the new problem has only one simple equality constraint.
In Section 3, we will show that the relation between (D¢) and (D,) is similar

to the relation between (D,) and
1
(De) min a”(Q + yy)a - e’a
0<a;<C, i=1,...,L (2.5)

In particular, by appropriate scaling, the optimal solution set of (D,) is the same
as that of a (D¢). We may worry that after adding b%/2 to the objective function,
the generalization properties of (D,) may not be as good as those of (D,). In
(Hsu and Lin 1999), numerical experiments by cross validation show that (D¢)
generates a comparable model as (D¢). Thus we think it is practically acceptable
to solve (D,) instead of (D,). In addition, the generalization performance by
adding b?/2 was discussed in (Cristianini and Shawe-Taylor 2000, Remark 7.4).
Note that the current form of (D,) is already very similar to the form of (D¢).
They both have [ bound constraints and one linear equality constraint. Next
we demonstrate an example on modifying existing decomposition methods for v-
SVM. For solving (D¢), the decomposition method separates the index {1,... ,l}
of the training set to two sets B and N, where B is the working set if « is the
current iterate of the algorithm. If we denote ap and ay as vectors containing
corresponding elements, the objective value of (D¢) is equal to %a%Q BBOB —
(ep + Qpvan) ap + ok Qyyay — ekay. At each iteration, ay is fixed and

the following problem with the variable ap is solved:

o1
min §a£QBBaB — (e — QBNaN)TaB

OS(aB)iSCai:]-a"'7Qa (26)
YBQB = —YNON,
where [QBB 8BN ] is a permutation of the matrix Q and gq is the size of B. The
NB NN

strict decrease of the objective function holds and the theoretical convergence was
studied in (Chang et al. 2000).

An important process in the decomposition methods is the selection of the
working set B. Using the similarity between (D,) and (D¢), with minor modifi-

cations, most selections of the working set can be adjusted for solving (D,).
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In the software SV M9 (Joachims 1998), there is a systematic way to find

the working set B. In each iteration the following problem is solved:

min  Vf(o)'d

y'd=0, -1<d; <1, (2.7)
{di | d: # 0} =g, (2.9)

=1
— 2

Vf(ag) is the gradient of f(a) at ay. Note that [{d; | d; # 0} means the

number of components of d which are not zero. The constraint (2.9) implies that

where we represent f(a) a’Qa — el a, ay, is the iterate at the kth iteration,

a descent direction involving only ¢ variables is obtained. Then components of o
with non-zero d; are included in the working set B which is used to construct the
sub-problem (2.6). Note that d is only used for identifying B but not as a search
direction.

If ¢ is an even number, (Joachims 1998) showed a simple strategy on solving
(2.7)-(2.9). First he sorts y;Vf(ag)i,i = 1,...,0 in a decreasing order. Then
solution is by successively picking the ¢/2 elements from the top of the sorted list
which 0 < (ag); < C or d; = —y; obeys (2.8). Similarly we pick the ¢/2 elements
from the bottom of the list for which 0 < (ag); < C or d; = y; obeys (2.8). Other
elements of d are assigned to be zero. Thus these ¢ nonzero elements compose the
working set.

To modify the above strategy for (D, ), we consider the following problem in

each iteration:

min Vf(ay)'d
efd=0, -1<d; <1,
{di | di # 0} = ¢
Note that now f(c) becomes ;a”(Q + yy”)a. Then the simple procedure in

SV M"9" becomes as follows: Sort Vf(ax)i,i = 1,...,l in a decreasing order.

Pick the ¢/2 elements from the top of the sorted list which 0 < (ag); < C or



d; = —1 obeys (2.10). Then pick the ¢/2 elements from the bottom of the list for
which 0 < (ag); < C or d; = 1 obeys (2.10). We can easily use KKT condition to
check why these q elements are chosen.

Note that the sub-problem (2.6) becomes as follows if decomposition methods

are used for solving (D,):

. 1
min §a§(Q +yy )spas + (Q+yy")svan) ag
0 S (aB)i S 1/laZ: ]-7 y 4,

eLap =v —eyay.

In Section 5, we will conduct some experiments on this new method.

3 The Relation Between »-SVM and (C-SVM

The infeasibility of (D,) mentioned in Section 2 gives us a motivation on studying
when and why this situation happens. In this section we will investigate this issue
by constructing a relationship between (D,) and (D¢) where the main result
is in Theorem 3.7. The relation between (D¢) and (D,) has been discussed in
(Scholkopf et al. 2000, Proposition 13) where they show that if (P,) leads to
p > 0, then (Pg) with C' = 1/(pl) leads to the same decision function. Here we
will have more complete investigation.

First we note that if C > 0, by dividing each variable by C!, (D) is equivalent
to the following problem:

1 T
(D) minQaTQa — %

yia=00<a; <1/li=1,...,1L

It can be clearly seen that (Di) and (D,) are very similar. We prove the

following lemma about (Dy):

Lemma 3.1 If (D};) has different optimal solutions c; and o, then efay =
e’ay and af Qo = al Qay. Therefore, we can define two functions e’ ac and

alQac on C, where ac is any optimal solution of (Df).



Proof. Since (D) is a convex problem, if a; # o are both optimal solutions,

forall 0 < A <1,
50 + (1 - X)) Qe + (1~ News) — € (e + (1~ New)/(C)

= Azl Qan — &"an /(1)) + (1~ M) (504 Qa — " e/ (C1))
This implies
ol Qa, = %a{Qal + %aQTQaQ. (3.1)
Since Q is positive semidefinite, Q = LTL so (3.1) implies ||Lay; — La|| = 0.
Thus al Qas = al’'Qa;. Therefore, e’ a; = e’y and the proof is complete. O
Next we prove a theorem on optimal solutions of (D) and (D,):

Theorem 3.2 If (D) and (D,) share one optimal solution o* with eTa* = v,

their optimal solution sets are the same.

Proof. From Lemma 3.1, any other optimal solution a of (D) also satisfies
e’a = v so a is feasible to (D,). Since a’ Qa = (a*)"Qa* from Lemma 3.1, all
(D¢:)’s optimal solutions are also optimal solutions of (D,). On the other hand,
if o is any optimal solution of (D,), it is feasible to (Dj). With the constraint
e'a>v=e"a* and a’Qa = (a*)"Qa*,

1

T T 1 *\T * T %
5 Qa—-e a/(Cl) < E(a) Q(a*) —e a™/(Cl).

Therefore, all optimal solutions of (D,) are also optimal to (Dy). Hence their

optimal solution sets are the same. O

If o is an optimal solution of (Dy,), it satisfies the following KKT condition:
e

Qa—a—i—by:)\—{, (3.2)
Ma = O,ET(§ —a)=0,y’a=0
X>0,6>00<q<1/Li=1,...,1L
By setting p = 1/(Cl) and v = e’ «, « also satisfies the KKT condition of (D,):
Qo —pe+by =A—-§,
Ma = O,ET(% —a) =0, (3.3)
yia=0e"a>v plefa—-rv)=0,

)\ZZOagzZO,PZO,OSOQS1/l,Z:1a al'



From Theorem 3.2, this implies that for each (Dy;), its optimal solution set is the
same as that of (D,), where v = e’ a. For each (DJ), such a (D,) is unique as
from Theorem 2.1, if vy # v», (D,,) and (D,,) have different optimal solution sets.

Therefore, we have the following theorem:

Theorem 3.3 For each (Dg),C > 0, its optimal solution set is the same as that

T

of one (and only one) (D,), where v = e'ax and a is any optimal solution of

(Do)-
Similarly, we have

Theorem 3.4 If (D,),v > 0, has a nonempty feasible set and its objective value

is not zero, (D,)’s optimal solution set is the same as that of at least one (Dy).

Proof. If the objective value of (D,) is not zero, from the KKT condition (3.3),
!
a’Qa — pe’a = — Z&-/Z.
i=1
Then a”Qa > 0 and (3.3) imply

!
pela=a’Qa + Z&/l >0, p>0, and e’ = v.

i=1
By choosing a C > 0 such that p = 1/(Cl), a is a KKT point of (D). Hence
from Theorem 3.2, the optimal solution set of this (D) is the same as that of
(D,). O

Next we prove two useful lemmas. The first one deals with the special situation

when the objective value of (D,) is zero.

Lemma 3.5 If the objective value of (D,), v > 0, is zero and there is a (D), C >
0 such that any its optimal solution ac satisfies el g = v, then v = Vpq, and

all (D), C > 0, have the same optimal solution set as that of (D,).

Proof. For this (D,), we can set p = 1/(Cl), so a¢ is a KKT point of (D,).
Therefore, since the objective value of (D,) is zero, aLQac = 0. Furthermore,

we have Qac = 0. In this case, (3.2) of (D})’s KKT condition becomes

e be[ . _
|l =a-e (3.4)
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where \;, & > 0, and I and J are indices of two different classes. If be; > 0, there
are three situations of (3.4):

[ o g ot

<0}’ <0]’ < 0"

The first case implies (a¢); = 0 and (a¢)s; = (es)/l. Hence if J is nonempty,
ylag # 0 causes contradiction. Hence all data are in the same class. Therefore,
(D,) and all (Dg), C > 0, have the unique optimal solution zero due to the
constraints y’a = 0 and o > 0. Furthermore, efa = v = 1,4, = 0.

The second case happens only when ¢ = e/l. Theny’a = 0andy; = 1 or —1
imply that (#y;=1) = (#yi=—1) and e’ ac = 1 = V = Vpq,. We then show that
e/l is also an optimal solution of any other (Df). Since 0 < a; < 1/l,i=1,... 1,
for any feasible a of (D}), the objective function satisfies

1 efa efa 1
> = >
2 ci— cCci — cl
Now (#y; =1) = (#y; = —1) so e/l is feasible. When a = e/l, the inequality
of (3.5) becomes an equality. Thus e/l is actually an optimal solution of all

(Dg),C > 0. Therefore, (D,) and all (D¢), C' > 0 have the same unique optimal

(3.5)

solution e/!.

For the third case, b = 1/(Cl), (ac)s = e;/l, v = e'ac = 25 (ac); = Vmaz,
and J contains elements which have fewer elements. Because there exists such a C'
and b, for any other C, b can be adjusted accordingly so that the KKT condition
is still satisfied. Therefore, from Theorem 3.3, all (Dy),C > 0 have the same

optimal solution set as that of (D,). The situation when be; < 0 is similar. O

Lemma 3.6 Assume ag is any optimal solution of (D}), then eTac is a con-

tinuous decreasing function of C' on (0,00).

Proof. If C; < (3, and a; and a are optimal solutions of (Dg,) and (Dg,),

respectively, we have
T

1 5 e'ay 1 4 e’ ay

- — < - — .

2041 Qo il = 2042 Qas i (3.6)
and

1 5 efay 1 e’ay

- — <= - . .

2042 Qas Gl = 2az1 Qa, Gl (3.7)

11



Hence

efa; e'ay 1

1
< -aiQa; — §a2TQaz <

e’a; e'ay

Cql Cil -

Cyl Cyl

(3.8)

Since Cy > C; > 0, (3.8) implies e’a; — ey > 0. Therefore, e’a¢ is a
decreasing function on (0, 00). From this result, we know that for any C* € (0, 00),
limo_, o)+ €T ae and lime_,(¢+)- €T oe exist, and

lim e’ac<elac- < lim elac.
C—(C*)t+ C—(C*)~

To prove the continuity of e’ a¢, it is sufficient to prove lim¢g_,¢+ €' g = el ag-,
for all C* € (0, 00).
If limg_, o)+ €' ac < €T ae-, there is a 7 such that

0< lim efag<v<elac. (3.9)
C—(C*)*

Hence 7 > 0. If (D;)’s objective value is not zero, from Theorem 3.4 and the fact
that e’ ¢ is a decreasing function, there exists a C > C* such that a¢ satisfies
e’ac = v. This contradicts to (3.9) where limg_,(c+)+ €Tog < 7.

Therefore, the objective value of (Dj) is zero. Since for all (D,), v < 7, their
feasible regions include that of (D;), their objective values are also zero. From
Theorem 3.3, the fact that e’ ¢ is a decreasing function, and limeg_, (oey+ elac <
v, each (Dy), C > C*, has the same optimal solution set as that of one (D,),
where e’ar = v < v. Hence by Lemma 3.5, e’ a¢ = Vpqg, for all C. This
contradicts to (3.9).

Therefore, limg_, g+ e’ac = e’ ac«. Similarly, limg_,(o+)- elac = elac-.
Thus

lim efac =elac-.
C—C*

Using the above lemmas, we are now ready to prove the main theorem:
Theorem 3.7 We can define

lim efac =v, >0 and limelar =v*<1
?
C—oo C—0

12



where o is any optimal solution of (Dy,). Then v* = Vg, For anyv > v*, (D,)
is infeasible. For any v € (v.,v*|, the optimal solution set of (D,) is the same
as that of either one (Dy,), C > 0, or some (Dy), where C' is any number in an
interval. For any 0 < v < v,, we have that 0 < v < v, if and only if (D,) is

feasible with zero objective value.

Proof. First from Lemma 3.6 and the fact that 0 < e’a < 1, we know v* and v,
can be defined without problems. We then prove v* = v,,,,, by showing that after
C is small enough, all (D})’s optimal solutions a¢ satisfy €’ ac = Vpmge-

Assume [ includes elements of the class which has fewer elements and J in-
cludes elements of the other class. If o is an optimal solution of (D},), it satisfies
the following KKT condition:

Flitid | o RreR M R i S B

where A¢ > 0,€o > 0,af)\c = 0, and €5(e/l — ag) = 0. When C is small
enough, bey; > 0 must hold. Otherwise, since Q;;(ac)r+Q () is bounded,
Q(ac)r+Q  (ac);s—es/(Cl)+boy; < 0 implies (a¢)s = ey /1 which violates
the constraint y’a = 0 if (#y; = 1) # (#y; = —1). Therefore, boy; > 0 so
bcy; < 0. This implies that (a¢)r = er/l when C is sufficiently small. Hence
eloc = Ve = V.

If (#y;=1) = (#yi=—1), we can let ac = e/l and bo = 0. When C is small
enough, this will be a KKT point. Therefore, el ag = Vpmoy = v* = 1.

From Lemma 2.2 we immediately know that (D, ) is infeasible if v > v*. From
Lemma 3.6 that e”a¢ is a continuous function, for any v € (v,,v*], there is a
(Dy) such that e’ac = v. Then from Theorem 3.3, (DJ) and (D,) have the
same optimal solution set.

If (D,) has the same optimal solution set as that of (D, ) and (Dg,) where
C; < Oy, since e’ a¢ is a decreasing function, for any C' € [Cy, Cy], its optimal
solutions satisfy e’ a = v. From Theorem 3.3, its optimal solution set is the same
as that of (D,). Thus such Cs construct an interval.

If v < v, (D,) must be feasible from Lemma 2.2. It cannot have nonzero
objective value due to Theorem 3.4 and the definition of v,. For (D,,), if v, = 0,

the objective value of (D,,) is zero as a = 0 is a feasible solution. If v, >

13



0, since feasible regions of (D,) are bounded by 0 < o; < 1/, i =1, ..., 1,

with Theorem 2.1, there is a sequence {a,,},1n < vo < --- < v, such that
a,, is an optimal solution of (D,,), e'a,, = v;, and & = lim,, ,,, o, exists.
Since e'a,, = v;, e’ = lim,, ,, eTa,, = v,. We also have 0 < & < 1/I

and yT& = lim,, ., yTa,, = 0 so & is feasible to (D,,). However, &' Q& =
lim,,,,, o, Qoy, =0 as ol Qa,, = 0 for all v;. Therefore, the objective value of
(D,,) is always zero.

Next we prove that the objective value of (D,) is zero if and only if v < v,.
From the above discussion, if v < v, the objective value of (D,) is zero. If the
objective value of (D,) is zero but v > v,, Theorem 3.5 implies v = V40 = V* = v

which causes a contradiction. Hence the proof is complete. O

Note that when the objective value of (D,) is zero, the optimal solution w
of the primal problem (P,) is zero. In (Crisp and Burges 1999, Section 4), they

considered such a (P,) as a “trivial” problem. Next we present a corollary:

Corollary 3.8 If training data are separable, v, = 0. If training data are non-
separable, v, > 1/l > 0. Furthermore, if Q is positive definite, training data are

separable and v, = 0.

Proof. From (Lin 1999, Theorem 3.3), if data are separable, there is a C* such
that for all C' > C*, an optimal solution ag+ of (Dg+) is also optimal to (Dg).
Therefore, for (D}), an optimal solution becomes ag~/(Cl) and eTac~/(Cl) — 0
as C — o0o. Thus v, = 0. On the other hand, if data are non-separable, no matter
how large C is, there are components of optimal solutions at the upper bound.
Therefore, e’ag > 1/1 > 0 for all C. Hence v, > 1/I.

If @ is positive definite, the unconstrained problem
1
min éaTQa —e’a (3.10)
has an unique solution at o = Q'e. If we add additional constraints to (3.10),

i 1
min EaTQa —elfa

yia=0,0;>0,i=1,...,1, (3.11)

14



is a problem with a smaller feasible region. Thus the objective value of (3.11)
is bounded. From Corollary 27.3.1 of (Rockafellar 1970), any bounded finite di-
mensional space quadratic convex function over a polyhedral attains at least an
optimal solution. Therefore, (3.11) is solvable. From (Lin 1999, Theorem 2.2),
this implies the following primal problem is solvable:

.1
min §WTW

Hence training data are separable. O

In many situations @ is positive definite. For example, from (Micchelli 1986),
if the RBF kernel is used, @) is positive definite.

We illustrate the above results by some examples. Given three non-separable
training points x; = 0,x3 = 1, and x3 = 2 with y = [1,—1,1]", we will show
that this is an example of Lemma 3.5. Note that this is a non-separable problem.
For all C > 0, the optimal solution of (D}) is a = [1/6,1/3,1/6]T. Therefore,
in this case, v* = v, = 2/3. For (D,),v < 2/3, an optimal solution is a =
(3v/2)[1/6,1/3,1/6]" with the objective value

0 0 O 1/6
(3v/2)%[1/6,1/3,1/6] [0 1 —2| [1/3] =0.
0 -2 4 1/6

Another example shows that we may have the same value of el a( for all C
in an interval, where a¢ is any optimal solution of (D). Given x; = [ '], %2 =
[1],x3 =[%], and x4 = [J] with y = [1,—1,1, —1]%, part of the KKT condition
of (D) is

110 0] [ 1 1

121 0|l 1|1 —1|

011 0| |ag| “2c (1] TOl1|=2¢
000 0] |a 1 1

Then one optimal solution of (Dj) is:

ac =[455 47 b ell—g530—3 H0<C<y,
=+B3+2,-3+24,3+2,97 =55 if l<c<?
I P _ 9 -2y
=ﬂ%Q@ng —iG s if 3 <C <4,
= [:5,0, 55, 2] == if C > 4.
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This is a separable problem. We have v* =1, v, =0, and

1 if0<C <y,
1 2 e 1l 4

. _ ) 3tse UH3<SC<3,

e ac = g if§§0§4, (3.12)
35 if C > 4.

We also observe that above results can be extended to (D,) and the following

problem:
_ 1 e’a
DI L T T _
(D) min a”(Q +yy")o — &%
0<o;<1/I, i=1,...,1 (3.13)

Without the constraint y’a = 0, all (D,), 0 < v < 1, and (Dj),C > 0 are
feasible and solvable. The major difference is that v* = 1. Note that when C' is

small, a = e/l always satisfies

(Q+yfﬁb7%=—€ﬁa

which is the KK T condition of (D};). Therefore, e’ = 1 after C' is small enough.

Regarding v,, we can prove that it is the same as that of using (D,):

Corollary 3.9 If ac is any optimal solution of (Dy), & is any optimal solution

of (D}), limg_,o €T g = vi, and limg_, oo €T @ = s, we have

Vy = Uy

Proof. Since feasible regions of (D) are bounded by 0 < o; < 1/1,i = 1,... ,1,
there is a sequence {a¢,},C; < Cy < --- such that limg, o @, = @, exists.
Thus e’a, = v,. Similar to the result in Theorem 3.7, the objective value of
(D5,) is zero. With the positive semidefiniteness of Q, we know ;a7 Qa, = 0 and
yTa, = 0. Therefore, &, is a feasible solution of (D;,) so the objective value of
(D;,) is zero. From Theorem 3.7, the objective value of (D,) is zero if and only if
v < v,. Thus we have v, < v,.

If v, < v,, there is a v such that v, < v < v,. For this v, the objective value
of (D,) is zero because v < v,. On the other hand, the objective value of (D,)
is not zero because v > v,. However, any optimal solution of (D,) is feasible to

(D,). This causes a contradiction. O

In summary this section shows
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1. The increase of C in C-SVM is like the decrease of v in v-SVM.

2. Solving (D,) and (Dy,) is just like solving two different problems with the
same optimal solution set. We may expect that many numerical aspects on
solving them are similar. However, they are still two different problems so
we cannot obtain C without solving (D, ). Similarly, without solving ((D¢)),

we cannot find v either.

4 The Relation Between v and C

A formula like (3.12) motivates us to conjecture that all v = eT ¢ have a similar
form. That is, in each interval of C, efac = A + B/C, where A and B are
constants independent of C'. The formulation of e’ a¢ will be the main topic of
this section.

We note that in (3.12), in each interval of C, ¢ are at the same face. Here
we say two vectors at the same face if they have the same components which are
free, at the lower bound, and at the upper bound. The following lemma deals

with the situation when o are at the same face:

Lemma 4.1 If C < C and there are ag and ag at the same face, then for each
C € [C,C], there is at least one optimal solution ac of (Dj) which is at the same

face as a¢ and ag. Furthermore,
A —
eTac=A1+62,Q§C§C,
where Ay and Ay are constants independent of C'.

Proof. If {1,... 1} are separated to two sets A and F, where A corresponds to
bounded variables and F' corresponds to free variables of ac (or az as they are

at the same face), the KKT condition shows

Qrr Qra| |aF| _ € Yr| _ 0

|:QAF QAA:| {GA} Cl o {yA} [)\A — 5,4} ) (4.1)
Yrop +yhoa =0, (4.2)
Ai >0,& >0, € A (4.3)
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(4.1) and (4.2) can be rewritten as

Qrr Qra Yr| |aF er/(Cl) 0
Qur Qua Ya| |aa| — [ea/(Cl)| = [Aa—§4
Yr ya O] [0 0 0

If Qpp is positive definite,

Qp = Q;“}r(eF/(Cl) — Qpaas —byp). (4.4)

Thus,

YrQp +ya0a = ng;},(eF/(Cl) — Qpaoa —byp) +yqoa =0

implies
y_ Yaca +yiQrr(er/(Cl) — Qpacta)
y%Q}};yF
Therefore,
T T -1
_1 (CF yacs +YrQpr(er/(Cl) — Qpaaa)
= — — — . 4.5
ar QFF(Cl Qpaca yIQ Ly p Yr) (4.5)
We note that for C < C < C, if (ag)r is defined by (4.5) and (ac)a = (ac)a
(or (a¢)a), then (a¢); > 0,1 =1,... 1. In addition, cs satisfies the first part of

(4.1) (i.e. the part with right-hand side zero). The sign of the second part is not
changed and (4.2) is also valid. Thus we have constructed an optimal solution a¢
of (D}) which is at the same face as a¢ and ag. Then following from (4.5) and

a4 is a constant vector for all C < C < C,

eTac

= erQrr(er/(Cl) = Qpaaa —byp) + €jaq
—1
— BEQE;(GF/(CZ) _ QFAaA _ ygaA + ngFF(eF/(Cl) B QFAaA)

YF) +

ng;‘}?‘yF
eﬁaA
_ €rQrrer e Qrr(YrQrrer/)yr oL A
= (4= e )/C+ Ay
YrQrrYr
_ ehQprer  (eEQppyr)’ o4 A
= (ML ORI 10 4 A,
(YFQFFYF)l
= Ay /C + Ay.
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If Qpr is not invertible, it is positive semi-definite so we can have Qpp =
A AT -1l AT
QDQ , where Q = Q is an orthonormal matrix. Without loss of generality

we assume D = [](? 8]. Then (4.4) can be modified to

DQ ar=Q '(er/(Cl) — Qpaca — byp).

One solution of the above system is

— 1
ar=Q"" B 0] Q7 er/(CD) - Qraca by

Thus a representation similar to (4.4) is obtained and all arguments follow.
Note that due to the positive semi-definiteness of Qpp, ar may have multiple
solutions. From Lemma 3.1, e’a¢ is a well-defined function of C. Hence the

representation Ay + Ay /C is valid for all solutions. O

The main result on the representation of e’ a¢ is in the following theorem:

Theorem 4.2 There are 0 < Cy; < --- < Cs and A;, B;,i =1,... ,s such that

v* C < (O,

efac =S A+5 C<C<Cii=1,...,s—1,

A, +52 C.<C.

We also have
Ai+%:Ai+l+gj—i’i:2’”' ,s— 1.
Proof. From Theorem 3.7, we know e’ ac = v* when C is sufficiently small. If
we gradually increase C, we will reach a C; such that if C > Cy,eTa¢ < v*. From
this C'1, we can increase C to a C5 such that if C > (3, no a¢ is at the same face
as a¢, and ag,. Then from Lemma 4.1, for C; < C < (5, we can have A; and
Bj such that
e'ac= A + %

We can continue this procedure. Since the number of possible faces is finite (< 3¢),
we have only finite C;’s. Otherwise, we will have C; and Cj, j > i + 2, such that
there exist a¢, and ag,; at the same face. Then Lemma 4.1 implies that for all
C; < C < Cj, there are a¢ at the same face as a¢; and a;. This contradicts to

the definition of C;;. O
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5 Numerical Experiments

In Section 3, we have shown the relation between (D,) and (D}) ((D,) and (DL)).
Here we would like to experiment with their practical behavior. It has been known
that when C' is large, there may have more numerical difficulties on using decom-
position methods for solving (D¢). (see, for example, the discussion in (Hsu and
Lin 1999)). Now there is no C in (D,) so intuitively we may think that this diffi-
culty no longer exists. In this section, we test the proposed decomposition method
on examples with different v and examine how many iterations are required. Note
that because in Section 2 we discuss an algorithm for solving (D, ), here we work
on it but not (D,).

Since the constraints 0 < «a; < 1/1,0 = 1,...,l, imply «a; are small, the
objective value of (D,) may be very close to zero. To avoid possible numerical

inaccuracy, here we consider the following scaled form of (D,):

1

minza’ (Q +yy")e
0<e;<l,i=1,...,1, (5.1)
ela =ul.

The working set selection follows the discussion in Section 2 and here we
implement a special case with ¢ = 2. The approach of using ¢ = 2 adopts the
idea in (Platt 1998). Then the working set in each iteration contains only two

elements. If they are i; and i3, the solution of (2.10) has a very simple form:
iy = argmin {((Q +yy")a)i | s < 1},
iz = argmin{ —((Q + yy")a)s | a; > 0}.

The decomposition method stops if the iterate ¢ satisfies the following condi-

tion:

—((Q@+yyNa), + (Q+yy )i, <, (5.2)

where we set ¢ = 107°.
We use a; = [1,...,1,vl — |vl],0,...,0]T as the initial point. Unlike the

decomposition method for (D¢), where the zero vector is usually used as the
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Table 5.1: All problems, » = 0.8,0.6,0.4,0.2

Problem l v C Iter. Obj. | BSV SV vl Mis.
australian 690 | 0.8 0.023253 557 6074.97 546 557 552 99
0.6 0.051625 1228 1820.64 406 419 413 100
0.4 0.181072 5706 211.705 257 291 276 100
0.2 165.386 347530 0.124832 86 232 138 44
diabetes 768 | 0.8 0.0064 162 6668.46 614 615 614 268
0.6 0.612632 1564 52.932 457 466 460 168
0.4 2403.05 2315167 0.010352 249 379 307 120
0.2 267498 11195886 0.000145 70 343 153 100
german 1000 | 0.8 0.003473 179 28160.3 797 803 800 300
0.6 0.323135 956 129.933 579 625 599 245
0.4  15.4949 34124 5.35281 269 565 400 98
0.2  170.722 140119 0.421459 74 524 200 21
heart 270 | 0.8 0.063272 105 652.252 214 220 216 45
0.6 0.203178 242 134.945 156 166 161 43
0.4 1.66277 2156 8.8488 94 123 108 35
0.2  51.5371 19312 0.344443 26 114 54 6
vehicle 846 | 0.8 0.002197 162 55224.8 675 678 676 212
0.6 0.007305 336 5442.86 504 511 507 212
0.4  64.0555 97158 0.61915 313 363 338 106
0.2  3221.89 2390690 0.012161 108 255 169 35
satimage 4435 | 0.8 0.000408 857 1.66722e+06 | 3548 3548 3548 1072
0.6 0.001244 1421 242457 | 2658 2663 2660 1072
0.4 0.026895 2833 20459.8 | 1767 1780 1774 140
0.2 0.121746 2730 2191.38 883 892 887 74
letter 15000 | 0.8 5e-05 2372 1.05765e+08 | 11998 12001 12000 594
0.6 7e-05 3633 5.44233e+07 | 8998 9002 8999 594
0.4 0.000116 3604 2.02506e+07 | 5995 6002 6000 594
0.2 0.000321 2472 2.76423e+06 | 2996 3004 3000 594
shuttle 43500 | 0.8 3.1e-05 6981 2.616e408 | 34800 34800 34800 9392
0.6 6.7e-05 10602 5.66317e+07 | 26099 26101 26099 9392
0.4 0.004199 11398 670122 | 17398 17401 17400 6840
0.2 0.160328 9904 8419.5 | 8697 8702 8700 2947
ada 4781 | 0.8 0.000366 851 1.97605e+06 | 3821 3827 3824 1188
0.6 0.001082 1342 228795 | 2857 2880 2868 1188
0.4  1.51548 18119 68.1789 | 1885 1940 1912 757
0.2  5699.52 14291238 0.034041 571 1747 956 255
w7a 24692 | 0.8 2.8e-05 6225 3.20665e+08 | 19752 19755 19753 740
0.6 3.9¢-05 6583  1.6941e+08 | 14813 14817 14815 740
0.4 6.2e-05 7005 6.64636e+07 | 9875 9879 9876 740
0.2 0.000155 3583 1.10632e+07 | 4934 4941 4938 740
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Table 5.2: Large problems, v = 0.1, 0.05,0.02,0.01

Problem l v C Iter. Obj. | BSV SV vl Mis.
satimage 4435 | 0.1 0.615475 4783  177.702 | 436 448 443 59
0.05  5.92071 31903  6.28106 | 210 235 221 50

0.02  498.303 403162 0.053866 54 149 88 11
0.01  2226.34 639353 0.007708 10 135 44 5

letter 15000 | 0.1 0.002034 1363  76699.7 | 1496 1504 1500 594
0.05 0.377606 6462  450.214 | 742 757 750 121
0.02 18.461 53977  2.96639 | 276 324 300 76

0.01  306.438 543764 0.155342 | 111 205 150 15
shuttle 43500 | 0.1  8.96413 303531  89.0582 | 4346 4355 4350 501
0.06 179.898 1052288  2.19431 | 2168 2184 2175 98
0.02  8282.67 27736662 0.036382 | 850 896 870 66
0.01  27146.1 52522524 0.005238 | 386 531 435 50
ada 4781 | 0.1  59058.6 34585532  0.00201 | 208 1682 478 110
0.05 205498 28088782 0.000282 55 15670 239 211
0.02 245831 9061246 0.000138 7 1600 95 233
0.01 312420 4465335 6.4e-05 1 1563 47 480
w7a 24692 | 0.1 0.000556 1633 883735 | 2455 2477 2469 740
0.06  8.39917 385817 19.306 | 1150 1370 1234 417
0.02  2347.03 8060630 0.031724 | 340 1137 493 174
0.01 210977 19881862 7.1e-05 | 202 939 246 2350

initial solution so V f(a;) = —e, now e contains |v| + 1 nonzero components.
In order to obtain Vf(a;) = (Q + yy”)ay of (2.10), in the beginning of the
decomposition procedure, we must compute |vl] +1 columns of Q. This might be
a disadvantage of using v-SVM. Further investigations are needed on this issue.
We test the RBF kernel with Q;; = yiy;e X ~%*/7 where n is the number of
attributes of a training data. Our implementation is part of the software LIBSVM*
(version 2.0) which is an integrated package for SVM classification and regression.
We test problems from various collections with different v. Problems australian
to shuttle are from the Statlog collection (Michie et al. 1994). Problems adult4
and web7 are compiled by Platt (1998) from the UCI Machine Learning Reposi-
tory (Murphy and Aha 1994). Note that all problems from Statlog are with real
numbers so we scale them to [—1,1]. Problems adult4 and web7 are with binary
representation so we do not conduct any scaling. Some of these problems have
more than 2 classes so we treat all data not in the first class as in the second class.

Table 5.1 lists results using v = 0.8, 0.6, 0.4, and 0.2. Since we expect that large

*LIBSVM is available at http://www.csie.ntu.edu.tw/"cjlin/libsvm
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problems might only need a smaller proportion of training data as support vectors,
we also tried smaller v (0.1, 0.05, 0.02, 0.01) on large problems (I > 4,000). The
results are in Table 5.2.

Tables 5.1 and 5.2 report number of training data in each class, the correspond-
ing C in (D), number of iterations, objective values, number of bounded support
vectors, number of support vectors, vl, and number of misclassified training data.

Here C' is calculated by
C=1/p,

where p is the Lagrange multiplier of the equality constraint of (5.1). This is
different from the formulation C' = 1/(pl) in Section 3 because of the use of the
scaled form (5.1). Results in both tables confirm the theoretical understanding
that v and C' change in opposite directions.

From (Scholkopf et al. 2000), we know that vl is a lower bound of the number
of support vectors and an upper bound of the number of bounded support vectors
(also number of misclassified training data). Note that for (5.1), this property on
vl still holds. It can be clearly seen from Tables 5.1 and 5.2 that vl lies between
the number of support vectors and bounded support vectors. Furthermore, we can
see that if ¥ becomes smaller, the total number of support vectors decreases. This
is consistent with the situation of using (D¢), where the increase of C' decreases
the number of support vectors.

We also observe that though the total number of support vectors decreases
as v becomes smaller, the number of free support vectors increases. When v
is decreased (C' is increased), the separating hyperplane tries to to fit as many
training data as possible. Hence more points (that is, more free ;) tend to be at
two planes w” ¢(x) + b = p. We illustrate this in Figures 5.1(a) and (b), where
v = 0.5 and 0.2, respectively, are used on the same problem. Since the weakest
part of the decomposition method is that it cannot consider all variables together
in each iteration (only g elements are selected), a larger number of free variables
may cause more difficulty.

This gives an explanation why a lot more iterations are required when v are
small. Therefore, here we have given an example that for solving (D¢) and (D,),

the decomposition method faces a similar difficulty.
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(a) v =05 (b) v =0.2
Figure 5.1: Training data and separating hyperplanes

However, an interesting exception is that for the problem adult4, when v is
decreased from 0.1 to 0.05, 0.02, and 0.01, the number of iterations does decrease.
We also observe that the number C using v = 0.1 is larger than those of using
smaller v. In theory C should increase as v decreases so it turns out that when
v < 0.05, results are erroneous. As the objective values become so small, the 10~°
stopping criterion is too loose. That is, the decomposition method stops too early
and returns a wrong solution. This situation suggests that a relative stopping
criterion might be better than an absolute one. How to choose an appropriate
stopping criteria will be a future research issue.

Even though we expect that many numerical properties of solving (D¢) and
(D,) are similar, »-SVM may still have the advantage of using a more reasonable
parameter v. In addition to problems mentioned above, we think some other

numerical issues of ¥-SVM should be investigated in the future:

1. Better working set selections of the decomposition method for solving (D, ).

2. The issue on how to choose a reasonable v. The selection of v not only
affects the error rate but also the number of iterations of the decomposition
method. For example, the number of iterations does not change much for
w7a when v decreases from 0.8 to 0.2, but for a4a the number of iterations

increases more than 15,000-fold.

3. The comparison of using the decomposition method on C-SVM and v-SVM.
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6 Conclusions

In this paper, we modify »-SVM to a different form where existing decomposition
methods can be adapted to solve it. The relation between »-SVM and C-SVM is
also investigated. In particular, we show that solving them is just like solving two
different problems with the same optimal solution set. We have mentioned several

issues for future investigation which can lead »-SVM to be a practical tool.
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