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Regularization approach

A smooth function that approximates the data

set D � f�xi� yi� � Rd � RgNi�� can be found

minimizing the functional�

H�f � �
NX
i��

�yi � f�xi��
�� �

Z
Rd

ds
j	f�s�j�

	G�s�

where 	G is a positive
 even
 function
 decreas�

ing to zero at in�nity
 and � a small
 positive

number�



Main result

�Duchon� ����� Meinguet� ����� Wahba� ����� Madych

and Nelson� ����� Poggio and Girosi� ��	�� Girosi�

����


The function that minimizes the functional

H�f � �
NX
i��

�yi � f�xi��
�� �

Z
Rd

ds
j	f�s�j�

	G�s�

has the form�

f�x� �
NX
i��

ciG�x� xi� �
kX

���

d����x�

where G is conditionally positive de�nite of

order m
 	G is the Fourier transform of G and

f��gk��� is a basis in the space of polynomials

of degree m� 
�



Computation of the coe�cients

The coe�cients are found by solving the linear

system�

�G� �I�c��Td � y

�c � �

where I is the identity matrix
 and we have

de�ned

�y�i � yi � �c�i � ci � �d�i � di

�G�ij � G�xi � xj� � ����i � ���xi�



Radial Basis Functions

If the function 	G is radial � 	G � 	G�ksk� the

smoothness functional � is rotationally invari�

ant
 that is

��f�x�� � ��f�Rx�� �R � O�d�

where O�d� is the group of rotations in d di�

mensions�

The regularization solution becomes the so

called Radial Basis Functions technique�

f�x� �
NX
i��

ciG�kx� xik� � p�x�



Radial Basis Functions

De�ne r � kxk

G�x� � e�r
�

gaussian

G�x� �
q
r�� c� multiquadric

G�x� � 
p
c��r�

inverse multiquadric

G�x� � r�n�
 multivariate splines

G�x� � r�n ln r multivariate splines



Some good properties of RBF

� Very well motivated in the framework of regular�
ization theory�

� The solution is unique and equivalent to solve a
linear system�

� Amount of smoothness is tunable �with �
�

� Radial Basis Functions are universal approxima�

tors�

� Huge amount of literature on this subject�

� �Interpretation in terms of �neural networks

�

� Biologically plausible�

� Simple interpretation in terms of �smooth look�up
table
�

� Similar to other non�parametric techniques� such
as nearest neighbor and kernel regression�



Some not�so�good properties of RBF

� Computationally expensive �O�N�� where

N �number of data��

� Linear system often badly ill�conditioned�

� The same amount of smoothness is im�

posed on di�erent regions of the domain�



This function has di�erent smoothness prop�

erties in di�erent regions of its domain



Least Squares Regularization

Networks

We look for an approximation to the regular�

ization solution�

f�x� �
NX
i��

ciG�x� xi�

�

f��x� �
nX

���

c�G�x� t��

where n �� N and the vectors t� are called

centers�

�Broomhead and Lowe� ����� Moody and Darken� ����� Poggio
and Girosi� �����



Least Squares Regularization

Networks

f��x� �
nX

���

c�G�x� t��

Suppose the centers t� have been �xed�

How do we �nd the coe�cients c��

�

Least Squares



Least Squares Regularization

Networks

De�ne

E�c�� � � � � cn� �
NX
i��

�yi � f��xi��
�

The least squares criterion is

min
c�

E�c�� � � � � cn�

The problem is convex and quadratic in the

c�
 and the solution satis�es�

�E

�c�
� �



Least Squares Regularization

Networks

�E

�c�
� �

�

GTG c � GT y

where we have de�ned

�y�i � yi � �c�� � c� � �G�i� � G�xi � t��

Therefore c� G�y
 where

G� � �GTG���GT

is the pseudoinverse of G�



Least Squares Regularization

Networks

Given the centers t� we know how to �nd the

c��

How do we choose the t��


� a subset of the examples�

�� by a clustering algorithm �k�means
 for ex�

amples��

�� by least squares ��moving centers���



Centers as a subset of the examples

Fair technique� The subset is a random sub�

set
 which should re�ect the distribution of

the data�

Not many theoretical results availabl�

Main problem� how many centers�

Main answer� we don�t know� Cross valida�

tion techniques seem a reasonable choice�



Clustering

Clustering a set of data points fxig
N
i�� in Rd

means �nding a set of m representative points

fmkg
m
k���

Let Sk be the Voronoi polytopes of centermk�

Sk � fx � kx�mkk � kx�mjk� j �� kg

A set of representative points M � fmkg
m
k��

is optimal if solves�

min
M

mX
k��

X
xi�Sk

kxi �mkk



K�means algorithm

The k�means algorithm �MacQueen
 
���� is

an iterative technique for �nding optimal rep�

resentative points �cluster centers��

m
�t��

k �




�S
�t

k

X
xi�S

�t�
k

xi

This algorithm is guaranteed to �nd a local

mininum�

Many variations of this algorithm have been

proposed�



K�means algorithm
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K�means algorithm
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Finding the centers by clustering

Very common� However it makes sense only

if the input data points are clustered�

No theoretical results�

Not clear that it is a good idea
 especially for

pattern classi�cation cases�



Moving centers

De�ne

E�c�� � � � � cn� t�� � � � � tn� �
NX
i��

�yi � f��xi��
�

The least squares criterion is

min
c��t�

E�c�� � � � � cn� t�� � � � � tn�

The problem is not convex and quadratic any�

more� expect multiple local minima�



Moving centers

��� Very �exible
 in principle very powerful�

��� Some theoretical understanding�

��� Very expensive computationally due to the

local minima problem�

��� Centers sometimes move in �weird� ways�



Some new approximation schemes

Radial Basis Functions with moving centers is

a particular case of a function approximation

technique of the form�

f�x� �
nX

���

c�H�x�p��

where fp�gn��� is a set of parameters
 which

can be estimated by least squares techniques�

Radial Basis Functions corresponds to the choice

H�x�p�� � G�kx� p�k�



Neural Networks

Neural networks correspond to a di�erent choice�

We set p� � �w�� ��� and choose�

H�x�p�� � ��x �w�� ���

where � is a sigmoidal function� The resulting

approximation scheme is

f�x� �
nX

���

c���x �w�� ���

and it is called Multilayer Perceptron with one

layer of hidden units



Examples of sigmoidal functions

f�x� �




� e��x

f�x� � tanh�	x�

Notice that when 	 is very large the sigmoid

approaches a step function�



One hidden layer Perceptron



Multilayer Perceptrons

��� Approximation schemes of this type have

been successful in a number of cases�

��� Interpretation of the approximation tech�

nique is not immediate�

��� Multilayer Perceptrons are �universal ap�

proximator��

��� Some theoretical results available�

��� Computationally expensive
 local minima�

��� Motivation of this technique�



Multilayer perceptrons are particular cases of

the more general ridge function approxima�

tion techniques�

f�x� �
nX

���

h��x �w��

in which we have chosen

h��x� � c�h�x� ���

for some �xed function h �sigmoid��



Projection ursuit Regression �Friedman

amd Stuetzle� ����� Huber� ����	

Look for an approximating function of the

form

f�x� �
nX

���

h��x �w��

where w� are unit vectors and h� are functions

to be �tted to the data �often cubic splines


trigonometric polynomials or and Radial Basis

Functions��

The underlying idea is that all the information

lies in few
 one dimensional projections of the

data�

The unit vectors w� are the �interesting pro�

jections� that have to be pursued�



PPR algorithm

� Assume that the �rst 
 � 
 terms of the

expansion have been determined
 and de�

�ne the residuals

r
����

i � yi �

���X
���

h��xi �w��

� Find the 
�th vector w� and the 
�th func�

tion h� that solve

min
w��h�

NX
i��

�r
����

i � h��xi �w���

�

� Go back to the �rst step and iterate



Motivation of PPR

Cluster analysis of high�dimensional set of data

points D� Diaconis and Freedman �
���� show

that for most high�dimensional clouds� most

one�dimensional projections are approximately

normal�

In cluster analysis normal means �uninterest�

ing��

Therefore there are few interesting projections


that can be found maximizing a �projection

index� that measures deviation from normal�

ity�



Principal Component Analysis



Let fx�gN��� be a set of points in Rd
 with d

possibly very large�

Every point is speci�ed by d numbers�

Is there a more compact representation�

It depends on the distribution of the data

points in Rd ���



There are random points ���
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and random points ���

����� ���
 ����

���
� ����� �����

����
 ��	�� ��	��

����� ���� ��	

��


 ����
 ���
�

���	� ����� ��
��

��	�� ����� ����

����� ����� ����


����� ����� �����

����� ���	� ����


���� ����� �����

����
 ����� ����

��	�
 ��
�� ����


����� ���	� ���	

����� ����� ����


����	 ����� ����


���� ���
� �����





Nr� Feature


 pupil to nose vertical distance
� pupil to mouth vertical distance
� pupil to chin vertical distance
� nose width
 mouth width
� face width halfway between

nose tip and eyes
� face width at nose position

��
� chin radii

� mouth height

 upper lip thickness

� lower lip thickness

� pupil to eyebrow separation

� eyebrow thickness



Features � to 
�



Principal Component Analysis

The data might lie �at least approximately�

in a k�dimensional linear subspace of Rd
 with

k �� d�

x� 	
kX

i��

�x� � di�di

where D � fdig
k
i�� is an orthonormal set of

vectors�

di � dj � �ij

Principal Component Analysis let us �nd the

best orthonormal set of vectors fdig
k
i��
 which

are called the �rst k principal components�



The orthonormal basis D � fdig
k
i�� is found

by solving the following least squares problem�

min
D

NX
���

�x� �
kX

i��

�x� � di�di�
� �

max
D

NX
���

kX
i��

�x� � di�
� �

�



N
max
D

kX
i��

di � Cdi

where C is the correlation matrix�

Cij �



N

NX
���

xi�x
j
�



Let us consider the case k � 

 and d� � d�

The problem is now to solve�




N
max
kdk��

d � Cd

where C is a symmetrix matrix �correlation

matrix�� Setting

C � RT!R � d� � Rd

with R a rotation matrix and ! diagonal
 we

have now to solve�




N
max
kd�k��

d� � !d�



Notice that
 since kd�k� 

 then�

d� � !d� 
 �max

If we choose the vector d�max such that

d�max � ����� � � � �
���� � � � ��� and

!d�max � �maxd
�
max

then

d�max � !d
�
max � �max

and d�max maximizes the quadratic form d� � !d��



The �rst principal component
 that is the vec�

tor dmax that maximizes the quadratic form

d � Cd
 is therefore

dmax � RTd�max

and it can be easily seen that satis�es the

eigenvector equation�

Cdmax � �maxdmax

The �rst principal component is therefore the

eigenvector of the correlation matrix corre�

sponding to the maximum eigenvalue�



Case k � �

It can be shown that the �rst k principal com�

ponents are the eigenvectors of the correla�

tion matrix C corresponding to the �rst k

largest eigenvalues�



Try this at home�

The approximation error of the �rst k principal

components fdig
k
i��

E�k� �
NX

���

�x� �
kX

i��

�x� � di�di�
�

is given by

E�k� �
NX

i�k��

�i

where �i are the eigenvalues of the correlation

matrix C�

Hint� when k � N the error is zero because

the correlation matrix C is symmetric
 and its

eigenvectors form a complete basis�



An example in �� dimensions� x � R��


x�� � x	� x��
  �� points�
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Eigenvalues of the correlation matrix
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Another point of view on PCA

Let fx�gN��� be a set of points in Rd�

Problem� �nd the unit vector d for which the

projection of the data on d has the maximum

variance�

Assuming that the data points have zero mean


this means�

max
kdk��




N

NX
���

�x� � d�
�



This is formally the same as �nding the �rst

principal component�

The second principal component is the pro�

jection of maximum variance in a subspace

orthogonal to the �rst principal component�

���

The k�th principal component is the projec�

tion of maximum variance in a subspace wich

is orthogonal to the subspace spanned by the

�rst k � 
 principal components�



Extensions of Radial Basis Functions

� Di�erent variables can have di�erent scales�

f�x� y� � y� sin�
��x��

� Di�erent variables could have di�erent units

of measure f � f�x�
�
x�

��
x��

� Not all the variables are independent or

relevant� f�x� y� z� t� � g�x� y� z�x� y���

� Only some linear combinations of the vari�

ables are relevant� f�x� y� z� � sin�x� y�

z��



Extensions of regularization

theory

A priori knowledge�

� the relevant variables are linear combina�

tion of the original ones�

z�Wx

for some �possibly rectangular� matrixW�

� f�x� � g�Wx� � g�z� and the function g

is smooth�

The regularization functional is now

H�g� �
NX
i��

�yi � g�zi��
�� ���g�

where zi �Wxi�



Extensions of regularization

theory �continue�

The solution is

g�z� �
NX
i��

ciG�z� zi� �

Therefore the solution for f is�

f�x� � g�Wx� �
NX
i��

ciG�Wx�Wxi�



If the matrix W were known
 the coe�cients

could be computed as in the radial case�

�G� �I�c � y

where

�y�i � yi � �c�i � ci � �G�ij � G�Wxi�Wxj�

and the same criticisms of the Regularization

Networks technique apply
 leading to Gener�

alized Regularization Networks�

f��x� �
nX

���

c�G�Wx�Wt��



Since W is not known
 it could be found by

least squares� De�ne

E�c�� � � � � cn�W� �
NX
i��

�yi � f��xi��
�

Then we can solve�

min
c��W

E�c�� � � � � cn�W�

The problem is not convex and quadratic any�

more� expect multiple local minima�



From RBF to HyperBF

When the basis function is radial the Gener�

alized Regularization Networks becomes

f�x� �
nX

���

c�G�kx� t�kw�

that is a non radial basis function technique



Least Squares


� minc� E�c�� � � � � cn�

�� minc��t� E�c�� � � � � cn� t�� � � � � tn�

�� minc��W E�c�� � � � � cn�W�

�� minc��t��WE�c�� � � � � cn� t�� � � � � tn�W�



A non radial gaussian function



A non radial multiquadric function



Additive models

An additive model has the form

f�x� �
dX

���

f��x
��

where

f��x
�� �

NX
i��

c
�
i G�x

� � x
�
i �

In other words

f�x� �
dX

���

NX
i��

c
�
i G�x

� � x
�
i �



Extensions of Additive Models

If we have less centers than examples we ob�

tain�

f�x� �
dX

���

f��x
��

where

f��x
�� �

NX
���

c��G�x
� � t���

In other words

f�x� �
dX

���

NX
���

c��G�x
� � t���



Extensions of Additive Models

If we now allow for an arbitrary linear trans�

formation of the inputs�

x�Wx

where W is a d� � d matrix
 we obtain�

f�x� �
d�X

���

nX
���

c��G�x �w� � t���

where w� is the ��th row of the matrix W




Extensions of Additive Models

The expression

f�x� �
d�X

���

nX
���

c��G�x �w� � t���

can be written as

f�x� �
d�X

���

h��x �w��

where

h��y� �
nX

���

c��G�y � t���

This form of approximation is called ridge ap�

proximation



From the extension of additive models we can

therefore justify an approximation technique

of the form

f�x� �
d�X

���

nX
���

c��G�x �w� � t���

Particular case� n� 
 �one center�� Then we

derive the following technique�

f�x� �
d�X

���

c�G�x �w� � t��

which is a Multilayer Perceptron with a Ra�

dial Basis Functions G instead of the sigmoid

function�

Notice that the sigmoid function is not a

Radial Basis Functions



Regularization Networks
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