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Abstract

Recently, a new Support Vector Regression (SVR) algorithm has been

proposed, this approach, called �-SV regression allows the SVR to adjust

its accuracy parameter � automatically. In this paper, we combine �-SV

regression with a local approach in order to obtain accurate estimations

of both the function and the noise distribution. This approach seems to

be extremely useful when the noise distribution does depend on the input

values. We illustrate the properties of the algorithm by a toy example
and we benchmark our approach on a 100000 points time series (Santa

Fe Competition data set D) obtaining the state of the art performance on

this data set.

1 Introduction

Support Vector (SV) Machines are becoming a powerful and useful tool for

classi�cation and regression tasks. SV regressors are able to approximate a

real valued function y(x) in terms of a small subset (named support vectors) of

the training examples. In [7], together with the SVR algorithm itself, Vapnik

proposes a loss function with nice properties: j�j
�
= maxf0; j�j � �g, where

� = y � f(x) is the estimation error. This loss function, called �-insensitive,

does not penalize errors smaller than � > 0, which has to be chosen a priori.

In [3], Sch�olkopf et al. propose a new SVR algorithm, called �-SV regres-

sion (�-SVR), which adjusts automatically the parameter �. In this paper, we

combine �-SVR and a local approach to obtain accurate estimations of both

the function y(x) and the noise model. The paper is organized as follows: in

the Section 2 we brie
y sketch our algorithm, the Section 3 illustrates the prop-

erties of the algorithm by a toy example, in the Section 4 we benchmark our

approach on a 100000 points time series (Santa Fe Competition data set D), a

brief discussion of the results an of some possible further issues concludes the

paper.

2 Local �-SV regression

Support Vector Regression seeks to estimate functions

f(x) = w � x+ b; w; x 2 IR
n
; b 2 IR (1)
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starting from l independent identically distributed (iid) data f(xi; yi)g � IR
n �

IR. We show here how SVR can be used when data are not iid. For example,

for non-stationary time series forecast.

The �-SVR algorithm minimizes the risk

R�[f ] =
1

2
kwk2 +C �

1

l

lX
i=1

jyi � f(xi)j� +C��: (2)

The solution (w; b; �) of (2) can be obtained by solving the followingQP problem:

max�;��

h
�

1

2

lX
i;j=1

(�i � �
�

i
)(�j � �

�

j
)xi � xj +

lX
i=1

yi(�i � �
�

i
)
i

(3)

subject to

lX
i=1

(�i � �
�

i
) = 0

lX
i=1

(�i + �
�

i
) � C�l

�i; �i� 2 [0; C] i = 1; � � � ; l:

The quantities � and b are the dual variables of (3), as we use an interior point

primal-dual solver LOQO [4], they can be recovered easily. The computation of
w follows the standard SV techniques: w =

P
l

i=1
(�i� �

�

i
)xi. The extension of

the algorithm to non linear regression via the Hilbert-Schmidt kernels follows

also standard SV techniques. See [6] for the details.

Among other interesting properties, Sch�olkopf et al. prove that the positive

quantity � is an upper bound on the fraction of errors and a lower bound on

the fraction of support vectors [3].

Our local approach for support vector regression is inspired by the Local

Linear classi�er, proposed by Bottou and Vapnik [1]. The algorithm is simple,

let be Z = f(x1; y1) � � � (xl; yl)g the training set and let be x
� a test input, in

order to estimate the output y(x�), Local SVR proceed as follows:

1. Compute the M nearest neighbors, in the input space, of x� among the

training inputs. these M neighbors de�ne a subset of the training set.

Let's call ZM (x�) � Z this subset.

2. Using ZM (x�) as learning set, compute a SVRM. This SVRM approxi-

mates y(x) in a neighborhood of x� by f
�

M
(x).

3. Estimate y(x�) by f
�

M
(x�).

The combined choice of � and M bounds tightly the number of training

examples playing a role in the expansion of f�
M
, in fact, M de�nes the number

of examples used to compute the mini SVRM and � bounds the proportion

of these examples supporting f
�

M
. For example, if M = 10 and � = 0:3, the

number of training examples that support the local estimation is between 3 and

10.
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Remark that every Local �-SVR adjusts automatically the (local) accuracy

parameter �. It is clear that � is directly related to the noise in the follow-

ing sense: the more important is the noise rate the bigger is the � computed by

�-SVR. That means that Local �-SVR estimates simultaneously the target func-

tion and the noise. Since the parameterM is much smaller than l, a single-point

regression using local SVR is as fast (or as slow) as the KNN algorithm.

3 A toy example

The task is to estimate the sinc function de�ned by sinc(x) = sin(�x)=(�x) +

�(x) where the noise �(x) is input dependent1. The learning set is composed

by 41 samples drawn uniformly from the interval [-2,2]. In order to test the

ability of the �-SVR to match the noise, two di�erent noise models were used.

Two kind of regressors were trained: a global (or standard) �-SVR and a local

�-SVR. The risk (or test error) was computed with respect to the sinc function

without noise over the interval [-1.5,1.5], the results are averaged over 50 trials.

The Figure 1 shows two examples of noise model estimation via the auto-

matic �-tube one gets from the regression. For each test point x, local �-SVR

provides, besides the estimation of the target function, a value of � which can

be interpreted as the estimated accuracy of the model in a neighborhood of x.

After processing the whole train set, one gets a curve �(x) estimating the accu-

racy of the model at each point. The results are given in Table 1, for each noise

model, the best 3 performances are reported. In both cases the local approach

performs better than the global one.

4 Time series prediction

We implemented the local �-SVR algorithm using LOQO as solver for the sub-

problems. The algorithm was tested on a time series known to be long (100000

points) and di�cult (the series is non-stationary). Data set D from Santa Fe

Competition [8] is arti�cial data generated by numerically integrating the equa-

tions of motion for a dumped, driven particle

d
2
x

dt2
+ 


dx

dt
+rV (x) = F (t):

In the experiences, we used an embedding size of 25, 20 and 15 consecu-

tive points; the kernel for the SVMs is a RBF kernel with �
2 = 0:03 and the

regularization parameter C was �xed to 10, no cross-validation over these pa-

rameters was made, but some preliminary experiments ensure that these values

of � and C works fairly well. The last 100 points of the series was used to

determine, by cross validation over 1-step forecast, the parameters of the local

�-SVR algorithm M and �). For the �nal prediction the full time series was

used. The Tables 2,3,4 show the results of the cross-validation procedure for

1That is, �(x) = u(x)a(x), where u(x) follows a uniform distribution over [-0.5,0.5] and
a(x) modules its amplitude. Di�erent choices of a(x) allows us to di�erent noise models.
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Figure 1: Top: The automatic � estimates the noise model. In this �gure

we compare the smoothed �(x)-tube (� = 0:03, averaged over 50 trials) with

a sample of each noise model. Down: Regression examples (only one trial).

According to the results shown in 1. Left: Noise Model 1, right: Noise Model

2.

Noise Model 1

Full Local

� error � error

0.5 0.077 0.1 0.057

0.4 0.078 0.05 0.051

0.3 0.081 0.03 0.048

Noise Model 2

Full Local

� error � error

0.5 0.070 0.1 0.056

0.4 0.069 0.05 0.052

0.3 0.077 0.03 0.056

Table 1: Local �-SVR consistently outperforms the full regression. Remark that

full �-SVR performs well for big values of � while local �-SVR works well with

little values of �.
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di�erent lengths of the embedding dimension, only the best results are reported.

The couples (�;M ) achieving the minimum validation error are selected for the

�nal forecast.

The Figure 2 shows the best 25 step iterated prediction, in the Table 5 we

compare the Root Mean Squared error for the �rst 25 predicted values to the

error achieved by other algorithms. We include the results reported by M�uller et

al. [2] and Pawelzik et al. [5] using a segmentation of the learning set into regimes

of approximately stationary dynamics. The best local �-SVR algorithm is 39%

better than the best result reported using the full set and it is slightly better

than the best result reported using the segmentation preprocessing, and, in

general, local �-SVR performs consistently better than global approaches. This

result is remarkable because in our experimental setup any a priori assumption

about the stationarity of the data was made.

5 Discussion

This paper presents a local regression algorithm that pro�ts from the properties

of the �-SV regression. Local �-SVR outperforms global (or \standard") SV

regression, one can explain that by the fact that the local approach is free to

change the radius of the �-tube for each point to be estimated (see Figure 1),

hence it is more robust to the variations of the amplitude of the noise. In

addition, it provides an estimation of the noise that matches quite well the real

noise model. The results on the Santa Fe data set D are excellent. Local �-

SVR algorithm outperforms by nearly 40% the best result reported using the

full set and it is comparable (slightly better in fact) to the best result reported

using a segmentation algorithm as preprocessing. Since we used the full 100000

points series to predict the next 25 values, very little information about the

stationarity of the data was used in our prediction2. It will be interesting to

test the local approach over the segmented set and to compare the estimation

of the noise model over the training set provided by the local approach with the

segmentation proposed in [5]

2The parameters M and � were determined using the last 100 values of the series. One

could think that the dynamics of the last 100 points of the series and of the 25 predicted
points are the same, in this sense, our predictor incorporates a little amount of information

about the stationarity of the series.
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Validation error, 15 points

M � = 0:012 � = 0:015 � = 0:018 � = 0:021

6 0.0304 0.0303 0.0303 0.0306

7 0.0304 0.0300 0.0300 0.0302

8 0.0303 0.0302 0.0304 0.0308

10 0.0326 0.0332 0.0338 0.0345

Table 2: One-step forecast over the last 100 points of the series. The Root Mean

Squared (RMS) Error as a function of M et � is reportetd. The embedding size

is 15, � = 0:03 and C = 10.

Validation error, 20 points

M � = 0:020 � = 0:030 � = 0:040 � = 0:050

5 0.0332 0.0326 0.0320 0.0320

6 0.0288 0.0280 0.0278 0.0281

7 0.0299 0.0297 0.0301 0.0306

8 0.0321 0.0327 0.0341 0.0352

Table 3: One-step forecast over the last 100 points of the series. The RMS error

as a function of M et � is reportetd. The embedding size is 20, � = 0:03 and

C = 10.

Validation error, 25 points

M � = 0:010 � = 0:014 � = 0:020 � = 0:024

6 0.0355 0.0354 0355 0357

8 0.0327 0.0323 0.0319 0.0319

10 0.0343 0.0336 0.0332 0.0332

12 0.0329 0.0324 0.0323 0.0326

Table 4: One-step forecast over the last 100 points of the series. The RMS error

as a function of M et � is reportetd. The embedding size is 25, � = 0:03 and

C = 10.

p=15 p=20 p=25 M�uller [2] ZH [9] PKM [5]

full set 0.0456 0.0539 0.0391 0.0639 0.0665 -

segmented set - - - 0.0418 - 0.0596

Table 5: Root Mean Squared error for the �rst 25 predicted values achieved by

several algorithms. Full set predictions assume stationary data, segmented set

predictions use a segmentation of the learning set into regimes of approximately

stationary dynamics. `-' indicates no prediction available.
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Figure 2: Santa Fe data set D. 25 step iterated prediction using an embedding

dimension of 25 points. The mean value of the full training set (0.5705) was

substracted of both curves.
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