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Abstract

Under the assumption of asymptotically unbiased estimators we show
that there exists a nontrivial choice of the insensitivity parameter in
Vapnik�s ��insensitive loss function which scales linearly with the input
noise of the training data� This �nding is backed by experimental results�

� Introduction

Support Vector 
SV� machines have shown to be an e�ective tool for regression
and function estimation ��� ��� However� it still lacks good theoretical results
for controlling the model selection parameters� In particular there are two
quantities which determine the behaviour of an SV machine once the kernel and
the training data are �xed � the regularization constant and the insensitivity
� of the corresponding cost function� So far the approach mainly has been to
use crossvalidation or bootstrap techniques for model selection 
e�g� �����

The purpose of this paper is to give some theoretical analysis of the prob�
lem how to choose an optimal parameter � for Vapnik�s cost function� We will
completely ignore the choice of di�erent regularization schemes or kernels� De�
tailed information on this topic can be obtained in ��� ��� For the sake of being
self�contained let us brie�y review some basic notions of SV regression�

� Support Vector Regression

Given some training set f
x�� y��� � � � � 
x�� y��g � R
n � R one tries to estimate

a linear function

f � Rn � R with f
x� � 
w � x� � b and w � Rn � b � R 
��

that minimizes the following regularized risk functional

Rreg�f � �
�

�
kwk� � C

�X
i��

jf
xi�� yij�� 
��

Here jxj� �� max
	� jxj � �� is Vapnik�s ��insensitive loss function ����
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The desired accuracy � is speci�ed a priori� It is then attempted to �t the
�attest tube with radius � to the data� The trade�o� between model com�
plexity and points lying outside of the tube 
with positive slack variables �� is
determined by minimizing 
��� One can show ��� that this leads to a quadratic
optimization problem which can be solved e�ciently� It also can be shown
that it is quite straightforward to estimate nonlinear functions by replacing the
dot products in input space by kernels which represent dot products in feature
space ����

Vapnik�s ��insensitive cost function has algorithmical advantages such as
providing sparse decompositions and rendering the computations more amenable
���� In most cases� unfortunately� jxj� is not the cost function with respect to
which we would like to train our estimator� The problem that now arises is
to �nd a value of � such that� say� the variance of yi � f
xi� is minimized�
Intuitively one might think that setting � � 	 is the best choice that can be
made� as jxj� � jxj which leads to the standard Laplacian loss function� Ex�
periments show� however� that this is not the case and hint that there exists a
linear dependency between the level of the additive noise in the target values
yi and the size of �� We will show that under some assumptions this �nding is
correct� indeed�

� Asymptotic E�ciency

What we will show is that there is a nontrivial choice of � for which the statis�
tical e�ciency of estimating a location parameter using the ��insensitive loss
function is maximized and that the optimal � is proportional to the variance
of the random variable 
here additive noise� under consideration�

For this purpose we need to introduce some statistical notations� Denote
��
X� an estimator of the parameters � based on the sample X and let X
be drawn from some probability density function p
X� �� 
also parametrized
by ��� Finally denote h�i� the expectation of the random variable � with
respect to p
X� ��� Now we can de�ne an unbiased estimator ��
X� by requiring
h��
X�i�� � ��� Moreover in this case we can introduce the Fisher information
matrix I with

Iij ��
�
��i

ln p
X� ��� � ��j
ln p
X� ���

�
��


��



and the covariance matrix B of the estimator �� by

Bij �� h
��i � h��ii���
��j � h��ji���i�� � 
��

Then the Cram�er�Rao inequality ��� states that det IB � � for all possible
estimators ��� This allows us to de�ne the statistical e�ciency e of an estimator
as e �� ��
det IB�� Comparing the quality of unbiased estimators in this
context can be reduced to comparing their statistical e�ciencies�

For a special class of estimators where �� is de�ned by

��
X� �� argmin
�

d
X� �� 
��

and d is a two times di�erentiable function in � one can show ��� Lemma ��
that asymptotically B � Q��GQ�� with

Gij �� Cov��
�
��i

d 
X� ��� � ��j
d 
X� ���

�
and Qij ��

D
���i�j

d
X� ���
E
��


��

and therefore e � 
detQ���
det IG�� In our case we are only dealing with a
one�parametrical model� namely estimating a location parameter 
the mean of
a distribution�� Denote ��
�� the noise model given by the ��insensitive loss
function� i�e�

��
�� � c� exp
�j�j�� � �

�
� � ��

�
� if j�j � �
exp
�� j�j� otherwise


��

and �
�� the actual noise model of the data� Without loss of generality we will
assume the location parameter to be 	 or formally hXii� � 	�� Then the maxi�

mum likelihood estimator � is given by setting d
X� �� � � �
�

�P
i��

ln��
Xi ���

and therefore

I �
D

�� ln�
���

�
E
�


��

G �
D

�� ln��
���

�
E
�

� �

Z �
�

�
��d� 
��

Q �
�
��� ln��
��

�
�

� ��
�� 
�	�

Now let us consider di�erent choices of � and the corresponding values of e�

Gaussian Noise

Set � 
�� � ��
p
�	
� exp

����� ��
���� Then I � 
��� G � �� erf
�

�p
��

�
and

therefore

�

e
�
detGI

detQ�
� �	 exp
���
��

�
�� erf

�
�p
�


��
� 
���

The maximum of e is obtained for ��
 � 	����� and therefore we have a linear
dependency between � and the noise level� As a sanity check we will compute
the optimal � for Laplacian noise�

�One always could rede�ne the problem for a nonzero location parameter by shifting all
variables by the corresponding amount�



Laplacian Noise

Set �
�� � ��
�
� exp
�j�j�
�� Then I � 
��� G � exp
���
� and therefore
�
e � exp
��
�� Here the maximum of e is achieved for ��
 � 	� i�e� the case
where �� degenerates to the L

� loss� exactly matching the Laplacian noise� In
this case the estimator is asymptotically e�cient 
e � ��� Finally let us analyze
the case of arbitrary polynomial noise models�

Polynomial Noise

Many cases� e�g� the one of Gaussian noise� can be dealt with in a more general
approach� namely �
�� � p

������p� exp
�
����p� where  
x� is the gamma func�
tion� var� � �� ����p�����p� � There we have I �

p�

��
������p�
����p� and G � p

����p�Fp
����

where Fp
x� ��
R�
x exp
�xp�dx� In most cases Fp
x� cannot be computed in

closed form� Putting everything together we get

�

e
� �Fp
���� exp
�
����

p� 
�� ��p�� 
���

One can observe that e only depends on ��� which in turn may be written
in terms of ��
 and p� Hence the optimal � scales linearly with 
 provided
that the optimal quotient 
p � ��
 	� 	� This� however� can be shown for
p � � by computing the derivative of ��e w�r�t� ��� for ��� � 	� One gets
d���e�
d����� j� � �� 
� � ��p� � 	 which proves that the minimum of ��e is not

obtained for 
� � 	� Hence also in the case of general polynomial loss we have
a linear dependency between the noise level and the optimal choice of ��

Arbitrary Symmetric Noise

One can derive general conditions for a linar scaling behaviour of �� Assume
�
�� to be a symmetric density with unit variance� Hence ��
�
��
� has stan�
dard deviation 
� Now rewrite G and Q in terms of 
 �� ��
 as

G � �

Z �
�

�



�
��
�d� � �

Z �
�

�
��d�� 
���

I� � I�

�� and Q � �

��

�� This leads to

e �
detQ�

detGI
�

�
���

�


��I��
R�
�

�
��d�
�

�

I�

��

�R�
�

�
��d�
� 
���

What remains is to check that e does not have a maximum for 
 � 	� Com�
puting the derivative of e w�r�t� 
 for 
 � 	 analogously to the polynomial case
yields the su�cient condition �	�
	� � ��
	� � 	� For instance any density
with �	�
	� � 	 satis�es this property�

It is not directly possible� to carry over our conclusions to the SV case
due to two assumptions that may not be satis�ed� Neither are we normally
dealing with the asymptotic case nor is a SV machine only dealing with a



single parameter at a time� Instead we have �nite sample size and estimate
a function� Experiments illustrate� however� that the conclusions we obtained
from this simpli�ed situation are still valid in the more complex SV case�

� Experiments and Conclusions

We consider a toy example� namely f
x� � 	�� sinc 
�	x�	� on ���� ��� �		
datapoints xi were independently drawn from a uniform distribution on ���� ��
and generated the sample via yi � f
xi� � �i� Here �i was a gaussian random
variable with zero mean and variance 
�� In the implementation we used a
spline kernel of degree � with �		 gridpoints 
see ��� for details�� As the purpose
of these experiments was to exhibit the dependency on � we carried out !model�
selection" for the regularization parameter in such a way to always choose that
value that led to the smallest 
L� or L�� error on the test set� By doing so
it was possible to exclude side e�ects of possible model selection criteria� For
statistical reliability we averaged the results over multiple trials�
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Figure �� Left� Asymptotic e�ciency for an ��insensitive model and data with
Gaussian noise� Right� L� and L� loss for di�erent values of � and �xed noise
level 
 � 	��� averaged over �� trials� Note the minimum for � � 	����
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Figure �� Experimentally optimal
choice of � for di�erent levels of gaussian
noise and the theoretically best value in
the asymptic unbiased case� For each
noise level 
� after determining the opti�
mal regularization parameter� we chose
the corresponding � with minimal L�

error� Although the obtained values
do not match the exact value of the
theoretical predictions� the scaling be�
haviour with the noise is clearly linear�

Observe that qualitatively similar behaviour in the errors and the e�ciency of
the estimator in �gure �� Also note the linear dependency in �gure � of �opt on




� Even though it does not exhibit the same scaling factor one obtains from
the asymptotic calculations still the scaling property remains unchanged�

Our �nding is corroborated by results of Solla and Levin ��� where it was
shown that for linear Boltzmann machines the best performance is achieved
when the !internal noise" matches the external noise�
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